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DOMINIC JOYCE
Abstract. This is a survey of the author’s paper [35] and in-progress book
[36]. ‘Kuranishi spaces’ were introduced in the work of Fukaya, Oh, Ohta
and Ono [9–19] in symplectic geometry, as the geometric structure on moduli
spaces of J-holomorphic curves. We propose a new definition of Kuranishi
space, which has the nice property that they form a 2-category Kur.
Any Fukaya–Oh–Ohta–Ono (FOOO) Kuranishi space X can be made into
a Kuranishi space X′ uniquely up to equivalence in Kur. The same holds for
McDuff and Wehrheim’s ‘Kuranishi atlases’ [40–43], and Hofer, Wysocki and
Zehnder’s ‘polyfold Fredholm structures’ [23–30].
Our Kuranishi spaces are based on the author’s theory of Derived Differen-
tial Geometry [32–34], the study of classes of derived manifolds and orbifolds
that we call ‘d-manifolds’ and ‘d-orbifolds’. There is an equivalence of 2-
categories Kur ≃ dOrb, where dOrb is the 2-category of d-orbifolds. So
Kuranishi spaces are really a form of derived orbifold. They have their own
differential geometry, with notions of orientation, immersions, submersions,
transverse fibre products, and so on.
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1. Introduction
Kuranishi spaces were introduced in the work of Fukaya, Oh, Ohta and Ono
[9–19], as the geometric structure on moduli spaces of J-holomorphic curves. We
will refer to their most recent definition [13, §4] as FOOO Kuranishi spaces. They
are used to define virtual cycles and virtual chains for such moduli spaces, for
applications in symplectic geometry such as Gromov–Witten invariants [19] and
Lagrangian Floer cohomology [10].
In related work, McDuff and Wehrheim [40–43] define Kuranishi atlases, which
are quite similar to FOOO ‘good coordinate systems’ in [9–19], and Dingyu Yang
definesKuranishi structures [53–55], which are very similar to [9–19]. An alternative
theory, philosophically rather different, but which does essentially the same job, is
the polyfolds of Hofer, Wysocki and Zehnder [23–30].
Although FOOO Kuranishi spaces are well defined, and are adequate for the
applications in Fukaya et al. [9–19], they seem not very satisfactory as geometric
spaces. For example, there is currently no good notion of morphism of FOOO
Kuranishi spaces.
This is a partial survey of the author’s paper [35] and in-progress book [36]. In
it we present a new definition of Kuranishi spaces, which form a (weak) 2-category
Kur. That is, we have objects, the Kuranishi spaces X,Y , . . . , and 1-morphisms
f : X → Y , and also 2-morphisms η : f ⇒ g between 1-morphisms f , g : X → Y .
If X is a FOOO Kuranishi space, we can construct a Kuranishi space X ′ in
our sense with the same topological space, uniquely up to canonical equivalence in
Kur. The same holds for McDuff and Wehrheim’s ‘Kuranishi atlases’ [40–43], and
Hofer, Wysocki and Zehnder’s ‘polyfold Fredholm structures’ [23–30].
Our theory of Kuranishi spaces is based on the author’s theory of Derived Dif-
ferential Geometry [32–34], the study of derived manifolds and orbifolds, where
‘derived’ is in the sense of the Derived Algebraic Geometry of Lurie [39] and Toe¨n–
Vezzosi [52]. The author’s derived manifolds and orbifolds are called ‘d-manifolds’
and ‘d-orbifolds’, and form strict 2-categories dMan,dOrb. For alternative def-
initions of derived manifolds, see Spivak [50] and Borisov–Noel [6]. The relations
between [32–34] and [6, 50] are explained by Borisov [5].
D-manifolds and d-orbifolds [32–34], and also the derived manifolds of [6, 50],
are defined using C∞-algebraic geometry, as in [31]: they are classes of derived
schemes and stacks over C∞-rings. Their definition looks very different to that of
Kuranishi spaces. Nonetheless, there is an equivalence of 2-categoriesKur ≃ dOrb,
so Kuranishi spaces and d-orbifolds are essentially the same thing. The author used
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results on d-orbifolds in [34] to design the definition of Kuranishi spaces below, so
as to arrange that Kur ≃ dOrb.
One moral is that Kuranishi spaces are really derived smooth orbifolds, which
does not seem to be well known amongst symplectic geometers. So we should
use ideas from derived geometry to understand Kuranishi spaces. One such lesson
is that ‘derived’ objects generally form higher categories. In fact, even classical
orbifolds are best defined to be a 2-category. Hence it should not be surprising that
Kuranishi spaces are also a 2-category.
One can turn Kuranishi spaces into an ordinary category by passing to the
homotopy category Ho(Kur), with objects Kuranishi spaces X,Y , . . . , and whose
morphisms [f ] : X → Y are 2-isomorphism classes of 1-morphisms f : X → Y in
Kur. But the definition of Ho(Kur) is not much easier than that of Kur, and
there are disadvantages to doing this:
• Morphisms [f ] : X → Y in Ho(Kur) are not local on X, that is, they do
not form a sheaf on X.
• Important constructions such as fibre products X ×g,Z,h Y in Kur are
characterized by universal properties involving 2-morphisms in Kur. They
do not satisfy any universal property in Ho(Kur).
All the Kuranishi-type structures that we consider are given by an ‘atlas of
charts’ on a topological space X , where the ‘charts’, called Kuranishi neighbour-
hoods, are quintuples (V,E,Γ, s, ψ) for V a manifold, E → V a vector bundle, Γ
a finite group acting smoothly on V,E, s : V → E a Γ-equivariant smooth section,
and ψ : s−1(0)/Γ→ X a continuous map which is a homeomorphism with an open
set Imψ ⊆ X .
The important differences between FOOO Kuranishi spaces, and MW Kuran-
ishi atlases, and our Kuranishi spaces, are in the ‘coordinate changes’ between the
charts in the atlas. Since our Kuranishi spaces are a 2-category, our Kuranishi
neighbourhoods must be a 2-category too, as one can regard a Kuranishi neigh-
bourhood as a Kuranishi space with only one chart. Thus, we define 1-morphisms
Φij : (Vi, Ei,Γi, si, ψi) → (Vj , Ej ,Γj , sj , ψj) between Kuranishi neighbourhoods on
X , which include FOOO and MW coordinate changes as special cases, and also
2-morphisms Λij : Φij ⇒ Φ′ij between 1-morphisms. A coordinate change is a 1-
morphism Φij which is invertible up to 2-isomorphism.
Given Kuranishi neighbourhoods (Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj , ψj) on X , our
1- and 2-morphisms between them have the crucial property that they form a
stack, or 2-sheaf, on Imψi ∩ Imψj . This is a 2-categorical version of a sheaf, and
means that 1- and 2-morphisms glue nicely on open covers. The stack property is
essential in defining compositions g ◦ f : X → Z of 1-morphisms f : X → Y and
g : Y → Z of Kuranishi spaces. The main reason why FOOO Kuranishi spaces
and MW Kuranishi atlases do not have good notions of morphisms is that their
coordinate changes lack such a sheaf/stack property.
Our theory of Kuranishi spaces is part of a programme by the author [36] to
rewrite the foundations of areas of symplectic geometry involving moduli spaces
of J-holomorphic curves. For such applications it will be an advantage that our
Kuranishi spaces form a well-behaved 2-category. Here are three examples:
(a) Defining a Kuranishi structure on a moduli spaceM involves making many
arbitrary choices, and it is helpful to know how different choices are related.
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In our theory, we expect different choices of Kuranishi structure on M to
yield equivalent Kuranishi spacesM,M′ in the 2-category Kur.
Equivalence of Kuranishi spaces should be compared with McDuff and
Wehrheim’s ‘commensurate’ Kuranishi atlases, as in §2.3, and Yang’s ‘R-
equivalent’ Kuranishi structures, as in §2.5.
(b) Fukaya, Oh, Ohta and Ono use finite group actions on Kuranishi spaces
in [9], [17, §7], and T n-actions on Kuranishi spaces in [11,12]. In our theory
it is easy to define and study actions of Lie groups on Kuranishi spaces, in
a more flexible way than in [9, 11, 12, 17].
(c) Fukaya [9, §3, §5] (see also [15, §4.2]) works with a forgetful morphism
forget : Ml,1(β) →Ml,0(β) of J-holomorphic curve moduli spaces. This
is a kind of morphism of Fukaya–Oh–Ohta–Ono Kuranishi spaces, but can
only be defined when the Kuranishi structures on Ml,1(β),Ml,0(β) are
compatible in a strong sense, as they are in the examples of [9, 15]. Our
theory defines (1-)morphisms without such compatibility conditions.
In this survey we will for simplicity restrict attention almost entirely to Kuranishi
spaces without boundary, which we just call Kuranishi spaces. Kuranishi spaces with
boundary, and with corners, are studied in [35, 36].
Section 2 reviews the definitions of Fukaya–Oh–Ohta–Ono’s Kuranishi spaces
[9–19], McDuff–Wehrheim’s Kuranishi atlases [40–43], and Dingyu Yang’s Ku-
ranishi structures [53–55], and we also discuss Hofer–Wysocki–Zehnder’s poly-
folds [23–30]. Section 3 explains Kuranishi neighbourhoods and their 1- and 2-
morphisms and coordinate changes. Section 4 defines the 2-category of Kuranishi
spaces, and explains their relation to FOOO Kuranishi spaces, MW Kuranishi at-
lases, DY Kuranishi structures, polyfolds, and d-orbifolds. Section 5 discusses the
differential geometry of Kuranishi spaces. Finally, Appendix A gives background
on 2-categories, and stacks on topological spaces.
Acknowledgements. I would like to thank Lino Amorim, Kenji Fukaya, Helmut
Hofer, Dusa McDuff, and Dingyu Yang for helpful conversations. This research
was supported by EPSRC grants EP/H035303/1 and EP/J016950/1.
2. Previous definitions of Kuranishi space
We explain Kuranishi spaces in the work of Fukaya, Oh, Ohta and Ono [9–19],
and the similar idea of Kuranishi atlases in the work of McDuff and Wehrheim
[40–43]. We also discuss Dingyu Yang’s Kuranishi structures [53–55], a minor vari-
ation on Fukaya–Oh–Ohta–Ono Kuranishi spaces, and the rather different polyfolds
of Hofer, Wysocki and Zehnder [23–30]. We have made some small changes in no-
tation compared to our sources, for compatibility with §3–§5. We hope the authors
concerned will not mind this.
2.1. Fukaya–Oh–Ohta–Ono’s Kuranishi spaces. Kuranishi spaces are used in
the work of Fukaya, Oh, Ohta and Ono [9–19] as the geometric structure on moduli
spaces of J-holomorphic curves. Initially introduced by Fukaya and Ono [19, §5] in
1999, the definition has changed several times as their work has evolved [9–19].
This section explains their most recent definition of Kuranishi space, taken from
[13, §4]. As in the rest of our paper ‘Kuranishi neighbourhood’, ‘coordinate change’
and ‘Kuranishi space’ have a different meaning, we will use the terms ‘FOOO
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Kuranishi neighbourhood’, ‘FOOO coordinate change’ and ‘FOOOKuranishi space’
below to refer to concepts from [13].
For the next definitions, let X be a compact, metrizable topological space.
Definition 2.1. A FOOO Kuranishi neighbourhood on X is a quintuple (V,E,Γ,
s, ψ) such that:
(a) V is a smooth manifold, which may or may not have boundary or corners.
(b) E is a finite-dimensional real vector space.
(c) Γ is a finite group with a smooth, effective action on V , and a linear repre-
sentation on E.
(d) s : V → E is a Γ-equivariant smooth map.
(e) ψ is a homeomorphism from s−1(0)/Γ to an open subset Imψ in X , where
Imψ =
{
ψ(xΓ): x ∈ s−1(0)
}
is the image of ψ, and is called the footprint
of (V,E,Γ, s, ψ).
We will write ψ¯ : s−1(0) → Imψ ⊆ X for the composition of ψ with the projec-
tion s−1(0)→ s−1(0)/Γ.
Now let p ∈ X . A FOOO Kuranishi neighbourhood of p in X is a FOOO
Kuranishi neighbourhood (Vp, Ep,Γp, sp, ψp) with a distinguished point op ∈ Vp
such that op is fixed by Γp, and sp(op) = 0, and ψp([op]) = p. Then op is unique.
Definition 2.2. Let (Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj, ψj) be FOOO Kuranishi nei-
ghbourhoods on X . Suppose S ⊆ Imψi ∩ Imψj ⊆ X is an open subset of
the intersection of the footprints Imψi, Imψj ⊆ X . We say a quadruple Φij =
(Vij , hij , ϕij , ϕˆij) is a FOOO coordinate change from (Vi, Ei,Γi, si, ψi) to (Vj , Ej ,
Γj, sj , ψj) over S if:
(a) Vij is a Γi-invariant open neighbourhood of ψ¯
−1
i (S) in Vi.
(b) hij : Γi → Γj is an injective group homomorphism.
(c) ϕij : Vij →֒ Vj is an hij-equivariant smooth embedding, such that the in-
duced map (ϕij)∗ : Vij/Γi → Vj/Γj is injective.
(d) ϕˆij : Vij ×Ei →֒ Vj ×Ej is an hij-equivariant embedding of vector bundles
over ϕij : Vij →֒ Vj , viewing Vij ×Ei → Vij , Vj ×Ej → Vj as trivial vector
bundles.
(e) ϕˆij(si|Vij ) = ϕ
∗
ij(sj), in sections of ϕ
∗
ij(Vj × Ej)→ Vij .
(f) ψi = ψj ◦ (ϕij)∗ on (s
−1
i (0) ∩ Vij)/Γi.
(g) hij restricts to an isomorphism StabΓi(v)→ StabΓj (ϕij(v)) for all v in Vij ,
where StabΓi(v) is the stabilizer subgroup
{
γ ∈ Γi : γ(v) = v
}
.
(h) For each v ∈ s−1i (0) ∩ Vij ⊆ Vij ⊆ Vi we have a commutative diagram
0 // TvVi
dϕij |v
//
dsi|v

Tϕij(v)Vj
//
dsj |ϕij(v)
Nij |v //
dfibresj |v

0
0 // Ei|v
ϕˆij |v
// Ej |ϕij(v)
// Fij |v // 0
(2.1)
with exact rows, where Nij → Vij is the normal bundle of Vij in Vj , and
Fij = ϕ
∗
ij(Ej)/ϕˆij(Ei|Vij ) the quotient bundle. We require that the induced
morphism dfibresj |v in (2.1) should be an isomorphism.
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Note that dfibresj |v an isomorphism in (2.1) is equivalent to the following complex
being exact, which is how we write the analogous conditions in §3:
0 // TvVi
dsi|v⊕dϕij |v // Ei|v ⊕ Tϕij(v)Vj
ϕˆij |v⊕−dsj |ϕij(v)// Ej |ϕij(v)
// 0.
(2.2)
Now let (Vp, Ep,Γp, sp, ψp), (Vq, Eq,Γq, sq, ψq) be FOOO Kuranishi neighbour-
hoods of p ∈ X and q ∈ Imψp ⊆ X , respectively. We say a quadruple Φqp =
(Vqp, hqp, ϕqp, ϕˆqp) is a FOOO coordinate change if it is a FOOO coordinate change
from (Vq, Eq,Γq, sq, ψq) to (Vp, Ep,Γp, sp, ψp) over Sqp, where Sqp is any open neigh-
bourhood of q in Imψq ∩ Imψp.
Remark 2.3. Fukaya et al. [13] only impose Definition 2.2(h) for Kuranishi spaces
‘with a tangent bundle’. As the author knows of no reason for considering Kuranishi
spaces ‘without tangent bundles’, and the notation appears to be merely historical,
we will include ‘with a tangent bundle’ in our definitions of FOOO coordinate
changes and FOOO Kuranishi spaces.
Definition 2.4. A FOOO Kuranishi structure K on X of virtual dimension n in
Z in the sense of [13, §4], including the ‘with a tangent bundle’ condition, assigns a
FOOOKuranishi neighbourhood (Vp, Ep,Γp, sp, ψp) for each p ∈ X and a FOOO co-
ordinate change Φqp = (Vqp, hqp, ϕqp, ϕˆqp) : (Vq, Eq,Γq, sq, ψq)→ (Vp, Ep,Γp, sp, ψp)
for each q ∈ Imψp such that the following holds:
(a) dim Vp − rankEp = n for all p ∈ X .
(b) If q ∈ Imψp, r ∈ ψq((Vqp∩s−1q (0))/Γq), then for each connected component
(ϕ−1rq (Vqp) ∩ Vrp)
α of ϕ−1rq (Vqp) ∩ Vrp there exists γ
α
rqp ∈ Γp with
hqp ◦ hrq = γ
α
rqp · hrp · (γ
α
rqp)
−1, ϕqp ◦ ϕrq = γ
α
rqp · ϕrp,
and ϕ∗rq(ϕˆqp) ◦ ϕˆrq = γ
α
rqp · ϕˆrp,
(2.3)
where the second and third equations hold on (ϕ−1rq (Vqp) ∩ Vrp)
α.
The pair X = (X,K) is called a FOOO Kuranishi space, of virtual dimension
n ∈ Z, written vdimX = n. If the Vp for all p ∈ X are manifolds without boundary,
or with boundary, or with corners, then we callX a FOOO Kuranishi space without
boundary, or with boundary, or with corners, respectively.
FOOOKuranishi spaces are differential-geometric spaces, generalizations of man-
ifolds or orbifolds. Some of the differential geometry of manifolds extends to FOOO
Kuranishi spaces. Here are analogues of the notions of orientations, smooth maps,
and transverse fibre products of manifolds.
Definition 2.5. Let X be a FOOO Kuranishi space. Then for each p ∈ X ,
q ∈ Imψp and v ∈ s−1q (0) ∩ Vqp, we have an exact sequence (2.2). Taking top
exterior powers in (2.2) yields an isomorphism
(
detTvVq
)
⊗ det
(
Ep|ϕqp(v)
)
∼=
(
detEq|v
)
⊗
(
Tϕqp(v)Vp
)
,
where detW means ΛdimWW , or equivalently, a canonical isomorphism
(
detT ∗Vp ⊗ detEp
)
|ϕqp(v)
∼=
(
detT ∗Vq ⊗ detEq
)
|v. (2.4)
Defining the isomorphism (2.4) requires a suitable sign convention. Sign conven-
tions are discussed in Fukaya et al. [10, §8.2]. An orientation on X is a choice of
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orientations on the line bundles
detT ∗Vp ⊗ detEp
∣
∣
s−1p (0)
−→ s−1p (0)
for all p ∈ X , compatible with the isomorphisms (2.4).
Definition 2.6. Let X be a FOOO Kuranishi space, and Y a manifold. A smooth
map f : X → Y is f = (fp : p ∈ X) where fp : Vp → Y is a Γp-invariant smooth
map for all p ∈ X (that is, fp factors via Vp → Vp/Γp → Y ), and fp ◦ ϕqp =
fq|Vqp : Vqp → Y for all q ∈ Imψp. This induces a unique continuous map f : X → Y
with fp|s−1p (0) = f ◦ ψ¯p for all p ∈ X . We call f weakly submersive if each fp is a
submersion.
Suppose X,X ′ are FOOO Kuranishi spaces, Y is a manifold, and f : X →
Y , f ′ : X ′ → Y are weakly submersive. Then as in [10, §A1.2] one can de-
fine a ‘fibre product’ Kuranishi space W = X ×Y X
′, with topological space
W =
{
(p, p′) ∈ X × X ′ : f(p) = f ′(p′)
}
, and FOOO Kuranishi neighbourhoods
(Vp,p′ , Ep,p′ ,Γp,p′ , sp,p′ , ψp,p′) for (p, p
′) ∈ W , where Vp,p′ = Vp×fp,Y,f ′p′ V
′
p′ , Ep,p′ =
π∗Vp(Ep) ⊕ π
∗
V ′p′
(E′p′), Γp,p′ = Γp × Γ
′
p′ , sp,p′ = π
∗
Vp
(sp) ⊕ π∗V ′p′ (s
′
p′), and ψp,p′ =
ψp ◦ (πVp)∗ × ψ
′
p′ ◦ (πV ′p′ )∗. The weakly submersive condition ensures that Vp,p′ =
Vp ×Y V ′p′ is well-defined.
Remark 2.7. (i) Fukaya et al. [9–19] do not define morphisms between general
FOOO Kuranishi spaces, so Kuranishi spaces in [9–19] do not form a category.
However, they do work with two special classes of morphisms. Smooth maps
f : X → Y from Kuranishi spaces X to manifolds Y are important in their the-
ory. Also Fukaya [9, §3, §5] (see also [15, §4.2]) works with a forgetful morphism
forget :Ml,1(β)→Ml,0(β). This is an example of a kind of morphism f : X → Y
of FOOO Kuranishi spaces (though not given a formal definition in [9, 15]), which
can only be defined when the Kuranishi structures on X,Y are compatible in a
strong sense, as they are by construction in [9, 15].
(ii) The ‘fibre product’ X ×Y X
′ in Definition 2.6 is not a fibre product in the
sense of category theory, characterized by a universal property, since Fukaya et al.
in [9–19] do not have a category of FOOO Kuranishi spaces in which to state such
a universal property (though we do, see §4 and §5.2). Their ‘fibre product’ is extra
data, an operation defined upon FOOO Kuranishi spaces.
2.2. How FOOO Kuranishi spaces are used. The next two theorems summa-
rize some of the main results of [10, 12–14,16, 19].
Theorem 2.8. The following classes of moduli spaces of J-holomorphic curves in
symplectic geometry may be given the structure of compact FOOO Kuranishi spaces
of known dimension, after making many choices in the construction:
(a) Moduli spacesMg,m(J, β) of stable maps u : Σ→ S from a prestable closed
Riemann surface Σ of genus g with m marked points, to a compact sym-
plectic manifold (S, ω) with compatible almost complex structure J, with
homology class u∗([Σ]) = β ∈ H2(S;Z).
(b) Moduli spaces Mk(L1, . . . , Ll, J, β) of stable maps u : Σ → S from a pre-
stable holomorphic disc Σ with k boundary marked points, to a compact
symplectic manifold (S, ω) with compatible almost complex structure J, such
that u(∂Σ) lies in the union L1 ∪ · · · ∪Ll of pairwise transversely intersect-
ing, embedded, compact Lagrangians L1, . . . , Ll in S, with relative homology
class u∗([Σ]) = β ∈ H2(S,L1 ∪ · · · ∪ Ll;Z).
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Here Mg,m(J, β) is a FOOO Kuranishi space without boundary used to define
Gromov–Witten invariants in [19], and Mk(L1, . . . , Ll, J, β) a FOOO Kuranishi
space with corners used to define Lagrangian Floer cohomology in [10].
The ‘evaluation maps’ at marked points evi :Mg,m(J, β)→ S and evj :Mk(L1,
. . . , Ll, J, β)→ L1∐· · ·∐Ll may be given the structure of weakly submersive smooth
maps.
After choosing orientations and relative spin structures for L1, . . . , Ll in (b),
there are canonical orientations on Mg,m(J, β) and Mk(L1, . . . , Ll, J, β).
Theorem 2.9. Suppose X is a compact, oriented FOOO Kuranishi space of virtual
dimension k, and Y is an oriented manifold of dimension n, and f : X → Y
is a weakly submersive smooth map. Then, after making many choices, one can
construct a virtual (co)chain [X]virt for X, either:
(i) in the smooth singular chains Cssik (Y ;Q) of Y over Q; or
(ii) in the compactly-supported de Rham cochains C∞cs (Λ
n−kT ∗Y ).
If ∂X = ∅ then [X]virt is a (co)cycle, and has a (co)homology class [[X]virt], the
virtual cycle, in smooth singular homology Hssik (Y ;Q), or in compactly-supported
de Rham cohomology Hn−kdR,cs(Y ;R). This [[X]virt] is independent of choices in its
construction, and depends on (X,f ) only up to oriented bordism.
Thus, FOOO Kuranishi spaces are used as an intermediate stage in the construc-
tion of virtual chains or virtual cycles for moduli spaces of J-holomorphic curves.
These virtual chains/cycles must also have other important properties which we
have not stated — basically, geometric relationships between moduli spaces should
translate to algebraic relationships between their virtual chains/cycles. The virtual
chains/cycles are used to define Gromov–Witten theory, Lagrangian Floer coho-
mology, Fukaya categories, and so on.
The original proofs of Theorems 2.8 and 2.9 in [10, 19] were widely criticized
as not wholly correct/complete. Recently, Fukaya et al. [13, 14, 16, 18] have been
working on providing more careful, detailed, and complete proofs. We should also
acknowledge that the work of Fukaya, Oh, Ohta and Ono is very original, even
visionary, and full of important ideas which other authors have used since. The
work we discuss in §2.3–§2.6 came 5 to 15 years after the first versions of [10, 19],
partly as an attempt to resolve these initial problems.
2.3. McDuff–Wehrheim’s Kuranishi atlases. Next we discuss an approach to
Kuranishi spaces developed by McDuff and Wehrheim [40–43]. Their main defini-
tion is that of a (weak) Kuranishi atlas on a topological space X . It is a variation
on the notion of good coordinate system in the work of Fukaya, Oh, Ohta and Ono,
as in [19, Def. 6.1], [10, Lem. A1.11], [11, §15], and [13, §5]. Here are [42, Def.s 2.2.2
& 2.2.8].
Definition 2.10. An MW Kuranishi neighbourhood (V,E,Γ, s, ψ) on a topological
space X is the same as a FOOO Kuranishi neighbourhood in Definition 2.1, except
that Γ is not required to act effectively on V .
Definition 2.11. Suppose (VB , EB,ΓB, sB, ψB), (VC , EC ,ΓC , sC , ψC) are MW
Kuranishi neighbourhoods on a topological space X , and S ⊆ ImψB ∩ ImψC ⊆ X
is open. We say a quadruple ΦBC = (V˜BC , ρBC , ̟BC , ϕˆBC) is an MW coordinate
change from (VB , EB,ΓB, sB, ψB) to (VC , EC ,ΓC , sC , ψC) over S if:
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(a) V˜BC is a ΓC -invariant embedded submanifold of VC containing ψ¯
−1
C (S).
(b) ρBC : ΓC → ΓB is a surjective group morphism, with kernel ∆BC ⊆ ΓC .
There should exist an isomorphism ΓC ∼= ΓB × ∆BC identifying ρBC
with the projection ΓB ×∆BC → ΓB.
(c) ̟BC : V˜BC → VB is a ρBC -equivariant e´tale map, with image VBC =
̟BC(V˜BC) a ΓB-invariant open neighbourhood of ψ¯
−1
B (S) in VB , such that
̟BC : V˜BC → VBC is a principal ∆BC -bundle.
(d) ϕˆBC : EB → EC is an injective ΓC-equivariant linear map, where the ΓC -
action on EB is induced from the ΓB-action by ρBC , so in particular ∆BC
acts trivially on EB.
(e) ϕˆBC ◦ sB ◦̟BC = sC |V˜BC : V˜BC → EC .
(f) ψB ◦ (̟BC)∗ = ψC on (s
−1
C (0) ∩ V˜BC)/ΓC .
(g) For each v ∈ V˜BC we have a commutative diagram
0 // TvV˜BC ⊂
//
d(̟∗BC(sB))|v
TvVC //
dsC |v

NBC |v //
dfibresC |v

0
0 // EB
ϕˆBC // EC // EC/ϕˆBC(EB) // 0
(2.5)
with exact rows, where NBC is the normal bundle of V˜BC in VC . We require
the induced morphism dfibresC |v in (2.5) to be an isomorphism.
Definition 2.12. Let X be a compact, metrizable topological space. AnMW weak
Kuranishi atlas K =
(
A, I, (VB, EB ,ΓB, sB, ψB)B∈I ,ΦBC, B,C∈I, B(C
)
on X of vir-
tual dimension n ∈ Z, as in [42, Def. 2.3.1], consists of a finite indexing set A, a set
I of nonempty subsets of A, MW Kuranishi neighbourhoods (VB , EB,ΓB, sB, ψB)
on X for all B ∈ I with dim VB − rankEB = n and X =
⋃
B∈I ImψB, and MW
coordinate changes ΦBC = (V˜BC , ρBC , ̟BC , ϕˆBC) from (VB, EB ,ΓB, sB, ψB) to
(VC , EC ,ΓC , sC , ψC) on S = ImψB ∩ ImψC for all B,C ∈ I with B ( C, satisfying
the four conditions:
(a) We have {a} ∈ I for all a ∈ A, and I =
{
∅ 6= B ⊆ A :
⋂
a∈B Imψ{a} 6= ∅
}
.
Also ImψB =
⋂
a∈B Imψ{a} for all B ∈ I.
(b) We have ΓB =
∏
a∈B Γ{a} for all B ∈ I. If B,C ∈ I with B ( C then
ρBC : ΓC → ΓB is the obvious projection
∏
a∈C Γ{a} →
∏
a∈B Γ{a}, with
kernel ∆BC ∼=
∏
a∈C\B Γ{a}.
(c) We have EB =
∏
a∈B E{a} for all B ∈ I, with the obvious representation
of ΓB =
∏
a∈B Γ{a}. If B ( C in I then ϕˆBC : EB =
∏
a∈B E{a} → EC =∏
a∈C E{a} is idE{a} for a ∈ B, and maps to zero in E{a} for a ∈ C \B.
(d) If B,C,D ∈ I with B ( C ( D then ̟BC ◦ ̟CD = ̟BD on V˜BCD :=
V˜BD ∩ ̟
−1
CD(V˜BC). One can show using (b),(c) and Definition 2.11 that
V˜BD and ̟
−1
CD(V˜BC) are both open subsets in s
−1
D (ϕˆBD(EB)), which is a
submanifold of VD, so V˜BCD is a submanifold of VD.
We call K =
(
A, I, (VB , EB,ΓB, sB, ψB)B∈I ,ΦBC, B(C
)
an MW Kuranishi atlas
on X , as in [42, Def. 2.3.1], if it also satisfies:
(e) If B,C,D ∈ I with B ( C ( D then ̟−1CD(V˜BC) ⊆ V˜BD.
McDuff and Wehrheim also define orientations on MW weak Kuranishi atlases,
in a very similar way to Definition 2.5.
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Two MW weak Kuranishi atlases K,K′ on X are called directly commensurate if
they are both contained in a third MW weak Kuranishi atlas K′′. They are called
commensurate if there exist MW weak Kuranishi atlases K = K0,K1, . . . ,Km = K
′
with Ki−1,Ki directly commensurate for i = 1, . . . ,m. This is an equivalence
relation on MW weak Kuranishi atlases on X .
McDuff and Wehrheim argue that their concept of MW weak Kuranishi atlas is
a more natural, or more basic, idea than a FOOO Kuranishi space, since in analytic
moduli problems such as J-holomorphic curve moduli spaces, one has to construct
an MW weak Kuranishi atlas (or something close to it) first, and then define the
FOOO Kuranishi structure using this.
2.4. How MW Kuranishi atlases are used. McDuff and Wehrheim [41–43]
prove analogues of Theorems 2.8 and 2.9:
Theorem 2.13. Let (S, ω) be a symplectic manifold with tame almost complex
structure J, and M(β, J) a compact moduli space of simple J-holomorphic maps
u : CP1 → S in homology class β ∈ H2(S;Z) with one marked point, modulo re-
parametrization. Then one can construct an oriented MW weak Kuranishi atlas K
without boundary on M(β, J).
The construction depends on many arbitrary choices, but any two such atlases
K,K′ resulting from different choices are commensurate.
McDuff and Wehrheim also announce an extension of Theorem 2.13 to moduli
spaces M(β, J) of genus zero prestable J-holomorphic maps u : Σ → S, without
assuming Σ nonsingular or u simple.
Theorem 2.14. Let K be an oriented MW weak Kuranishi atlas without boundary
of dimension n on a compact, metrizable topological space X. Then K determines
a virtual fundamental class [[X ]]virt in Hˇn(X ;Q), where Hˇ∗(−;Q) is Cˇech ho-
mology over Q. Any two commensurate MW weak Kuranishi atlases K,K′ on X
yield the same virtual fundamental class.
One should also expect that many other moduli spaces of J-holomorphic curves
admit MW weak Kuranishi atlases, and that if X is compact with an oriented
MW weak Kuranishi atlas K with boundary or corners then (X,K) has (choices of)
virtual chains [X ]virt, but these results are not yet available.
2.5. Dingyu Yang’s Kuranishi structures, and Hofer–Wysocki–Zehnder’s
polyfolds. As part of a project to define a truncation functor from polyfolds to
Kuranishi spaces, Dingyu Yang [53–55] writes down his own theory of Kuranishi
spaces:
Definition 2.15. Let X be a compact, metrizable topological space. A DY Kuran-
ishi structure K on X is a FOOO Kuranishi structure in the sense of Definition 2.4,
satisfying two additional conditions [54, Def. 1.11] the maximality condition and
the topological matching condition, which are designed to ensure that the Vp/Γp in
K for all p ∈ X can be glued nicely using the hqp, ϕqp in K for all p, q ∈ X to make a
Hausdorff topological space. There are a few other small differences — for instance,
Yang does not require vector bundles Ep in (Vp, Ep,Γp, sp, ψp) to be trivial.
The next definition comes from Yang [53, §1.6], [54, §5], [55, §2.4].
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Definition 2.16. Let K,K′ be DY Kuranishi structures on a compact topologi-
cal space X . An embedding ǫ : K →֒ K′ is a choice of FOOO coordinate change
ǫp : (Vp, Ep,Γp, sp, ψp) → (V ′p , E
′
p,Γ
′
p, s
′
p, ψ
′
p) with domain Vp for all p ∈ X , com-
muting with the FOOO coordinate changes Φqp,Φ
′
qp in K,K
′ up to elements of Γ′p.
An embedding is a chart refinement if the ǫp come from inclusions of Γp-invariant
open sets Vp →֒ V ′p .
DY Kuranishi structures K,K′ on X are called R-equivalent (or equivalent) if
there is a diagram of DY Kuranishi structures on X
K K1
∼oo +3 K2 K3ks
∼ // K′,
where arrows =⇒ are embeddings, and
∼
−→ are chart refinements. Using facts about
existence of good coordinate systems, Yang proves [53, Th. 1.6.17], [54, §11.2] that
R-equivalence is an equivalence relation on DY Kuranishi structures.
Yang emphasizes the idea, which he calls choice independence, that when one
constructs a (DY) Kuranishi structure K on a moduli space M, it should be inde-
pendent of choices up to R-equivalence.
One goal of Yang’s work is to relate the Kuranishi space theory of Fukaya, Oh,
Ohta and Ono [9–19] to the polyfold theory of Hofer, Wysocki and Zehnder [23–30].
Here is a very brief introduction to this:
• An sc-Banach space V is a sequence V = (V0 ⊃ V1 ⊃ V2 ⊃ · · · ), where
the Vi are Banach spaces, the inclusions Vi+1 →֒ Vi are compact, bounded
linear maps, and V∞ =
⋂
i>0 Vi is dense in every Vi.
The tangent space TV is TV = (V1⊕V0 ⊃ V2⊕V1 ⊃ · · · ), an sc-Banach
space. An open set Q in V is an open set Q ⊂ V0, and we write Qi = Q∩Vi
for i > 0. Its tangent space is TQ = Q1 ⊕ V0, as an open set in TV .
An example to bear in mind is if M is a compact manifold, E → M a
smooth vector bundle, α ∈ (0, 1), and Vk = Ck,α(E) for k = 0, 1, . . . .
• Let V = (V0 ⊃ V1 ⊃ · · · ), W = (W0 ⊃ W1 ⊃ · · · ) be sc-Banach spaces and
Q ⊆ V , R ⊆ W be open. A map f : Q → R is called sc0 if f(Qi) ⊆ Ri and
f |Qi : Qi →Ri is a continuous map of Banach manifolds for all i > 0.
An sc0 map f : Q → R is called sc1 if for each q ∈ Q1 there exists a
bounded linear map Dfq : V0 →W0, such that f |Q1 : Q1 →R0 is a C
1 map
of Banach manifolds with ∇f |q = Dfq|V1 : V1 → W0 for all q ∈ Q1, and
Tf : TQ→ TR mapping Tf : (q, v) 7→ (f(q), Dfq(v)) is an sc0 map.
By induction on k, we call f : Q → R an sck map for k = 2, 3, . . . if f is
sc1 and Tf : TQ→ TR is an sck−1 map. We call f : Q → R sc-smooth, or
sc∞, if it is sck for all k = 0, 1, . . . . This implies that f |Qi+k : Qi+k → Ri
is a Ck-map of Banach manifolds for all i, k > 0.
• Let V = (V0 ⊃ V1 ⊃ · · · ) be an sc-Banach space and Q ⊆ V be open.
An sc∞-retraction is an sc-smooth map r : Q → Q with r ◦ r = r. Set
O = Im r ⊂ V . We call (O,V) a local sc-model.
If V is finite-dimensional then O is just a smooth manifold. But in
infinite dimensions, new phenomena occur, and the tangent spaces TxO
can vary discontinuously with x ∈ O. This is important for ‘gluing’.
• An M-polyfold chart (O,V , ψ) on a topological space Z is a local sc-model
(O,V) and a homeomorphism ψ : O → Imψ with an open set Imψ ⊂ Z.
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• M-polyfold charts (O,V , ψ), (O˜, V˜ , ψ˜) on Z are compatible if ψ˜−1◦ψ◦r : Q→
V˜ and ψ−1 ◦ ψ˜ ◦ r˜ : Q˜ → V are sc-smooth, where Q ⊂ V , Q˜ ⊂ V˜ are open
and r : Q → Q, r˜ : Q˜ → Q˜ are sc-smooth with r ◦ r = r, r˜ ◦ r˜ = r˜ and
Im r = ψ−1(Im ψ˜) ⊆ O, Im r˜ = ψ˜−1(Imψ) ⊆ O˜.
• An M-polyfold is roughly a metrizable topological space Z with a maximal
atlas of pairwise compatible M-polyfold charts.
• Polyfolds are the orbifold version of M-polyfolds, proper e´tale groupoids in
M-polyfolds.
• A polyfold Fredholm structure P on a metrizable topological space X writes
X as the zeroes of an sc-Fredholm section s : V → E of a strong polyfold
vector bundle E→ V over a polyfold V.
This is deep mathematics, and all rather complicated. The motivation for local
sc-models (O,V) is that they can be used to describe functional-analytic problems
involving ‘gluing’, ‘bubbling’, and ‘neck-stretching’, including moduli spaces of J-
holomorphic curves with singularities of various kinds.
Yang proves [53, Th. 3.1.7] (see also [55, §2.6]):
Theorem 2.17. Suppose we are given a ‘polyfold Fredholm structure’ P on a
compact metrizable topological space X, that is, we write X as the zeroes of an
sc-Fredholm section s : V → E of a strong polyfold vector bundle E → V over a
polyfold V, where s has constant Fredholm index n ∈ Z. Then we can construct a
DY Kuranishi structure K on X, of virtual dimension n, which is independent of
choices up to R-equivalence.
2.6. How polyfolds are used. Hofer, Wysocki and Zehnder’s polyfold programme
[23–30] aims to show that moduli spaces of J-holomorphic curves in symplectic ge-
ometry may be given a polyfold Fredholm structure, and that compact spaces with
oriented polyfold Fredholm structures have virtual chains and virtual classes. They
will then use these virtual chains/classes to define big theories in symplectic geom-
etry, such as Gromov–Witten invariants [19, 29] or Symplectic Field Theory [8].
Here is an analogue of Theorems 2.8(a) and 2.13 in polyfold theory, proved by
Hofer, Wysocki and Zehnder [29].
Theorem 2.18. Moduli spaces Mg,m(J, β) of stable maps u : Σ → S from a
prestable closed Riemann surface Σ of genus g with m marked points, to a com-
pact symplectic manifold (S, ω) of dimension 2n with compatible almost complex
structure J, with homology class u∗([Σ]) = β ∈ H2(S;Z), may be given a ‘poly-
fold Fredholm structure’. That is, we may write Mg,m(J, β) as the zeroes of an
sc-Fredholm section s : V → E of a strong polyfold vector bundle E → V over a
polyfold V, where s has Fredholm index 2
(
c1(S) · β + (n− 3)(1− g) +m
)
.
The ‘evaluation maps’ at marked points evi : Mg,m(J, β) → S lift to sc-smooth
maps of polyfolds evi : V → S. The polyfold Fredholm structure (V,E, s) has a
natural ‘orientation’.
Hofer, Wysocki and Zehnder also announce the proofs of existence of polyfold
Fredholm structures on other moduli spaces of J-holomorphic curves, in particular
those relevant to Symplectic Field Theory [8]. Constructing a polyfold Fredholm
structure on a moduli space of J-holomorphic curves involves far fewer arbitrary
choices than defining a Kuranishi structure.
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Combining Theorems 2.17–2.18 gives a DY Kuranishi structure on Mg,m(J, β),
uniquely up to R-equivalence. This is an example of a FOOO Kuranishi structure,
giving an alternative proof of Theorem 2.8(a).
For the polyfold analogue of Theorems 2.9 and 2.14, Hofer et al. [27] prove:
Theorem 2.19. Let (V,E, s) be an oriented polyfold Fredholm structure with cor-
ners of virtual dimension k on a compact topological space X. Then there exist
small perturbations s˜ of s as an ‘sc-smooth multisection’, such that X˜ = s˜−1(0) is
a compact, oriented, branched, Q-weighted k-orbifold with corners.
We may triangulate X˜ by Q-weighted k-simplices to define a virtual class
[[X ]]virt in the relative singular homology H
si
k (V, ∂V;Q). Alternatively, using rel-
ative de Rham cohomology we may define [[X ]]virt ∈ HkdR(V, ∂V;R)
∗ mapping
[ω] 7→
∫
X˜
ω. Both of [[X ]]virt, [[X ]]
virt are independent of the choice of s˜, X˜. If
∂V = ∅ then ∂X˜ = ∅, [[X ]]virt ∈ Hsik (V;Q), and [[X ]]
virt ∈ HkdR(V;R)
∗.
3. Kuranishi neighbourhoods as a 2-category
FOOO Kuranishi spaces and MW Kuranishi atlases in §2 are each built out of
Kuranishi neighbourhoods (V,E,Γ, s, ψ) on a topological space X , and ‘coordinate
changes’ Φij : (Vi, Ei,Γi, si, ψi)→ (Vj , Ej ,Γj , sj , ψj) between them.
Our Kuranishi spaces X will be built out of Kuranishi neighbourhoods (V,E,
Γ, s, ψ) on X , and 1-morphisms Φij between them (which include FOOO and MW
coordinate changes as special cases), and 2-morphisms Λij : Φij ⇒ Φ
′
ij between
1-morphisms, so that Kuranishi neighbourhoods form a 2-category.
This section explains our notions of 1- and 2-morphisms of Kuranishi neighbour-
hoods, and their properties. Section 4 will then use these to define the 2-category
of Kuranishi spaces. With the exception of §3.6, all of this section, including proofs
of quoted results, comes from [35, 36].
3.1. Kuranishi neighbourhoods, 1-morphisms, and 2-morphisms. We will
use following ‘O(s)’ and ‘O(s2)’ notation very often:
Definition 3.1. Let V be a manifold, E → V a vector bundle, and s ∈ C∞(E) a
smooth section.
(i) If F → V is another vector bundle and t1, t2 ∈ C∞(F ) are smooth sections,
we write t1 = t2+O(s) if there exists α ∈ C∞(E∗⊗F ) such that t1 = t2+α·s
in C∞(F ), where the contraction α · s is formed using the natural pairing
of vector bundles (E∗ ⊗ F )× E → F over V .
(ii) We write t1 = t2 + O(s
2) if there exists α ∈ C∞(E∗ ⊗ E∗ ⊗ F ) such that
t1 = t2+α · (s⊗ s) in C∞(F ), where α · (s⊗ s) uses the pairing (E∗⊗E∗⊗
F )× (E ⊗ E)→ F .
Now let W be another manifold, and f, g : V →W be smooth maps.
(iii) We write f = g+O(s) if whenever h : W → R is a smooth map, there exists
α ∈ C∞(E∗) such that h ◦ f = h ◦ g + α · s.
(iv) We write f = g + O(s2) if whenever h : W → R is a smooth map, there
exists α ∈ C∞(E∗ ⊗ E∗) such that h ◦ f = h ◦ g + α · (s⊗ s).
(v) If Λ ∈ C∞
(
E∗ ⊗ f∗(TW )
)
, we write f = g + Λ · s + O(s2) if whenever
h : W → R is a smooth map, there exists α ∈ C∞(E∗ ⊗ E∗) such that
h ◦ f = h ◦ g + Λ · (s ⊗ f∗(dh)) + α · (s ⊗ s). Here s ⊗ f∗(dh) lies in
C∞
(
E ⊗ f∗(T ∗W )
)
, and so has an obvious pairing with Λ.
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Next suppose f, g : V → W with f = g + O(s), and F → V , G→ W are vector
bundles, and t1 ∈ C∞(F ⊗f∗(G)), t2 ∈ C∞(F ⊗g∗(G)). We wish to compare t1, t2,
even though they are sections of different vector bundles.
(vi) We write t1 = t2 + O(s) if for all β ∈ C∞(G∗) we have t1 · f∗(β) =
t2 · g∗(β) +O(s) in sections of F → V , as in (i).
Given any t1 ∈ C∞(F⊗f∗(G)), there exists t2 ∈ C∞(F⊗g∗(G)) with t1 = t2+O(s)
in the sense of (vi), and if t′2 is an alternative choice then t
′
2 = t2+O(s) in the sense
of (i). To prove this, first suppose G is trivial, so that f∗(G) = g∗(G), and t2 = t1
is a possible choice. In general we can trivialize G locally on Y , and combine the
corresponding local choices for t2 on X by a partition of unity.
The moral is that if f = g + O(s) and we are interested in smooth sections t
of F ⊗ f∗(G) up to O(s), then we can treat the vector bundles F ⊗ f∗(G) and
F ⊗ g∗(G) as essentially the same.
If instead f, g : V →W with f = g +O(s2) and F,G, t1, t2 are as above
(vii) We write t1 = t2 + O(s
2) if for all β ∈ C∞(G∗) we have t1 · f∗(β) =
t2 · g∗(β) +O(s2) in sections of F → V , as in (ii).
Given any t1 ∈ C∞(F⊗f∗(G)), there exists t2 ∈ C∞(F⊗g∗(G)) with t1 = t2+O(s2)
in the sense of (vii), and if t′2 is an alternative choice then t
′
2 = t2 + O(s
2) in the
sense of (ii).
Here is our notion of Kuranishi neighbourhood. It is very similar to FOOO and
MW Kuranishi neighbourhoods in Definitions 2.1 and 2.10, but it is more general,
in that we allow E to be a nontrivial vector bundle.
Definition 3.2. Let X be a topological space. A Kuranishi neighbourhood on X
is a quintuple (V,E,Γ, s, ψ) such that:
(a) V is a smooth manifold.
(b) π : E → V is a real vector bundle over V , called the obstruction bundle.
(c) Γ is a finite group with a smooth action on V (not necessarily effective),
and a compatible action on E preserving the vector bundle structure.
(d) s : V → E is a Γ-equivariant smooth section of E, called the Kuranishi
section.
(e) ψ is a homeomorphism from s−1(0)/Γ to an open subset Imψ =
{
ψ(Γv) :
v ∈ s−1(0)
}
in X , called the footprint of (V,E,Γ, s, ψ).
We will write ψ¯ : s−1(0)→ Imψ ⊆ X for the composition of ψ with the projection
s−1(0)→ s−1(0)/Γ.
We call (V,E,Γ, s, ψ) a global Kuranishi neighbourhood on X if Imψ = X .
The next two definitions are crucial to our programme.
Definition 3.3. Let X,Y be topological spaces, f : X → Y a continuous map,
(Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj, ψj) be Kuranishi neighbourhoods on X,Y respec-
tively, and S ⊆ Imψi ∩ f
−1(Imψj) ⊆ X be an open set. A 1-morphism Φij =
(Pij , πij , φij , φˆij) : (Vi, Ei,Γi, si, ψi) → (Vj , Ej ,Γj , sj, ψj) of Kuranishi neighbour-
hoods over (S, f) is a quadruple (Pij , πij , φij , φˆij) satisfying
(a) Pij is a manifold, with commuting smooth actions of Γi,Γj (that is, with
a smooth action of Γi × Γj), with the Γj-action free.
(b) πij : Pij → Vi is a smooth map which is Γi-equivariant, Γj-invariant, and
e´tale (a local diffeomorphism). The image Vij := πij(Pij) is a Γi-invariant
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open neighbourhood of ψ¯−1i (S) in Vi, and the fibres π
−1
ij (v) of πij for v ∈ Vij
are Γj-orbits, so that πij : Pij → Vij is a principal Γj-bundle.
We do not require ψ¯−1i (S) = Vij ∩ s
−1
i (0), only that ψ¯
−1
i (S) ⊆ Vij ∩
s−1i (0).
(c) φij : Pij → Vj is a Γi-invariant and Γj-equivariant smooth map, that is,
φij(γi · p) = φij(p), φij(γj · p) = γj · φij(p) for all γi ∈ Γi, γj ∈ Γj , p ∈ Pij .
(d) φˆij : π
∗
ij(Ei) → φ
∗
ij(Ej) is a Γi- and Γj-equivariant morphism of vector
bundles on Pij , where the Γi,Γj-actions are induced by the given Γi-action
and the trivial Γj-action on Ei, and vice versa for Ej .
(e) φˆij(π
∗
ij(si)) = φ
∗
ij(sj) +O(π
∗
ij(si)
2), in the sense of Definition 3.1.
(f) f ◦ ψ¯i ◦ πij = ψ¯j ◦ φij on π
−1
ij (s
−1
i (0)) ⊆ Pij .
If Y = X and f = idX then we call Φij a 1-morphism of Kuranishi neighbour-
hoods over S, or just a 1-morphism over S.
Let (Vi, Ei,Γi, si, ψi) be a Kuranishi neighbourhood on X , and S ⊆ Imψi be
open. We will define the identity 1-morphism over S
id(Vi,Ei,Γi,si,ψi) = (Pii, πii, φii, φˆii) : (Vi, Ei,Γi, si, ψi)→ (Vi, Ei,Γi, si, ψi). (3.1)
Since Pii must have two different actions of Γi, for clarity we write Γ
d
i = Γ
t
i = Γi,
where Γdi and Γ
t
i mean the copies of Γi acting on the domain and target of the
1-morphism in (3.1), respectively.
Define Pii = Vi×Γi, and let Γdi act on Pii by γ
d : (v, γ) 7→ (γd ·v, γ(γd)−1) and Γti
act on Pii by γ
t : (v, γ) 7→ (v, γtγ). Define πii, φii : Pii → Vi by πii : (v, γ) 7→ v and
φii : (v, γ) 7→ γ ·v. Then πii is Γdi -equivariant and Γ
t
i-invariant, and is a Γ
t
i-principal
bundle, and φii is Γ
d
i -invariant and Γ
t
i-equivariant.
At (v, γ) ∈ Pii, the morphism φˆii : π∗ii(Ei) → φ
∗
ii(Ei) must map Ei|v → Ei|γ·v.
We have such a map, the lift of the γ-action on Vi to Ei. So we define φˆii on
Vi × {γ} ⊆ Pii to be the lift to Ei of the γ-action on Vi, for each γ ∈ Γ.
Remark 3.4. (i) We will use 1-morphisms of Kuranishi neighbourhoods for two
purposes in §4.1: Kuranishi spaces X involve ‘coordinate changes’, which are 1-
morphisms of Kuranishi neighbourhoods over idX : X → X satisfying an invert-
ibility condition. And 1-morphisms of Kuranishi spaces f : X → Y involve 1-
morphisms of Kuranishi neighbourhoods over f : X → Y .
(ii) As we will explain in §3.4, FOOO coordinate changes in §2.1 and MW coor-
dinate changes in §2.3 give examples of 1-morphisms of Kuranishi neighbourhoods
over idX : X → X .
(iii) Definition 3.3 does not include the analogue of (2.2) being exact (the ‘with a
tangent bundle’ condition in the Fukaya–Oh–Ohta–Ono theory). But as Theorem
3.15 shows, this will be a consequence of the definition of ‘coordinate change’ in
Definition 3.11, which are special 1-morphisms over idX : X → X .
(iv) In a 1-morphism Φij = (Pij , πij , φij , φˆij), the data Pij , πij , φij are actually a
standard way to write ‘smooth maps’ between orbifolds, using ‘bibundles’:
(Pij , πij , φij) : [Vij/Γi] −→ [Vj/Γj ]
is a Hilsum–Skandalis morphism between the quotient orbifolds [Vij/Γi], [Vj/Γj],
as in Lerman [38, §3.3] or Henriques and Metzler [21].
Thus, we can interpret Φij as giving the following data:
• An open neighbourhood [Vij/Γi] of ψ
−1
i (S) in the orbifold [Vi/Γi];
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• A ‘smooth map’ of orbifolds Φ′ij = (Pij , πij , φij) : [Vij/Γi]→ [Vj/Γj ]; and
• A morphism of orbifold vector bundles φˆij : Ei|[Vij/Γi] → (Φ
′
ij)
∗(Ej).
In our theory, 2-morphisms between 1-morphisms will also be important.
Definition 3.5. Suppose X,Y are topological spaces, f : X → Y is a continuous
map, (Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj , ψj) are Kuranishi neighbourhoods on X,Y
respectively, S ⊆ Imψi∩f
−1(Imψj) ⊆ X is open, and Φij ,Φ
′
ij : (Vi, Ei,Γi, si, ψi)→
(Vj , Ej ,Γj , sj , ψj) are two 1-morphisms over (S, f), with Φij = (Pij , πij , φij , φˆij)
and Φ′ij = (P
′
ij , π
′
ij , φ
′
ij , φˆ
′
ij).
Consider triples (P˙ij , λij , λˆij) satisfying:
(a) P˙ij is a Γi- and Γj-invariant open neighbourhood of π
−1
ij (ψ¯
−1
i (S)) in Pij .
(b) λij : P˙ij → P ′ij is a Γi- and Γj-equivariant smooth map with π
′
ij ◦ λij =
πij |P˙ij . This implies that λij is an isomorphism of principal Γj-bundles
over V˙ij := πij(P˙ij), so λij is a diffeomorphism with a Γi- and Γj-invariant
open set λij(P˙ij) in P
′
ij .
(c) λˆij : π
∗
ij(Ei)|P˙ij → φ
∗
ij(TVj)|P˙ij is a Γi- and Γj-invariant smooth morphism
of vector bundles on P˙ij , satisfying
φ′ij ◦ λij = φij |P˙ij + λˆij · π
∗
ij(si) +O
(
π∗ij(si)
2
)
and
λ∗ij(φˆ
′
ij) = φˆij |P˙ij + λˆij · φ
∗
ij(dsj) +O
(
π∗ij(si)
)
on P˙ij ,
(3.2)
in the notation of Definition 3.1. Here dsj is a shorthand for the derivative
∇sj in C∞(T ∗Vj ⊗Ej) with respect to any connection ∇ on Ej , and (3.2)
is independent of this choice.
Define a binary relation ≈ on such triples by (P˙ij , λij , λˆij) ≈ (P˙ ′ij , λ
′
ij , λˆ
′
ij) if
there exists an open neighbourhood P¨ij of π
−1
ij (ψ¯
−1
i (S)) in P˙ij ∩ P˙
′
ij with
λij |P¨ij = λ
′
ij |P¨ij and λˆij |P¨ij = λˆ
′
ij |P¨ij + O
(
π∗ij(si)
)
on P¨ij .
Then ≈ is an equivalence relation. We also write ≈S for ≈ if we wish to stress the
open set S. Write [P˙ij , λij , λˆij ] for the ≈-equivalence class of (P˙ij , λij , λˆij). We
say that [P˙ij , λij , λˆij ] : Φij ⇒ Φ
′
ij is a 2-morphism of 1-morphisms of Kuranishi
neighbourhoods on X over (S, f), or just a 2-morphism over (S, f). We often
write Λij = [P˙ij , λij , λˆij ].
If Y = X and f = idX then we call Λij a 2-morphism of Kuranishi neighbour-
hoods over S, or just a 2-morphism over S.
For a 1-morphism Φij = (Pij , πij , φij , φˆij), define the identity 2-morphism
idΦij = [Pij , idPij , 0] : Φij =⇒ Φij .
Remark 3.6. This definition of 2-morphism probably seems rather arbitrary. The
best way the author knows to motivate it is via d-orbifolds, as we explain in §3.6.
It is also justified by the useful properties of 2-morphisms, in particular Theorems
3.10, 3.14 and 3.15 below.
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3.2. Making Kuranishi neighbourhoods into a 2-category. Readers unfa-
miliar with 2-categories are advised to look at §A.1 at this point. We wish to
make Kuranishi neighbourhoods on a topological space X into a weak 2-category.
We have already defined the objects (Kuranishi neighbourhoods), 1-morphisms, 2-
morphisms, and identity 1- and 2-morphisms, in §3.1. But there remains quite a
lot of structure to define, which we do in this section:
• Composition of 1-morphisms;
• Horizontal composition of 2-morphisms;
• Vertical composition of 2-morphisms;
• Coherence 2-isomorphisms αg,f,e : (g ◦ f) ◦ e⇒ g ◦ (f ◦ e), βf : f ◦ idX ⇒ f ,
and γf : idY ◦ f ⇒ f , as in (A.5) and (A.7).
Definition 3.7. Let X,Y, Z be topological spaces, f : X → Y , g : Y → Z be
continuous maps, (Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj , ψj), (Vk, Ek,Γk, sk, ψk) be Ku-
ranishi neighbourhoods on X,Y, Z respectively, and T ⊆ Imψj ∩ g−1(Imψk) ⊆
Y and S ⊆ Imψi ∩ f−1(T ) ⊆ X be open. Suppose Φij = (Pij , πij , φij , φˆij) :
(Vi, Ei,Γi, si, ψi) → (Vj , Ej ,Γj, sj , ψj) is a 1-morphism of Kuranishi neighbour-
hoods over (S, f), and Φjk = (Pjk, πjk, φjk, φˆjk) : (Vj , Ej ,Γj, sj , ψj)→ (Vk, Ek,Γk,
sk, ψk) is a 1-morphism of Kuranishi neighbourhoods over (T, g).
Consider the diagram of manifolds and smooth maps:
Pij ×Vj Pjk
Γi×Γj×Γk

πPij
tt✐✐✐✐
✐✐✐
πPjk
**❯❯❯
❯❯❯
❯
Pij
Γi×Γj
,,
πijvv♠♠♠
♠♠♠
♠♠
φij **❯❯❯
❯❯❯
❯❯❯
❯❯❯ Pjk
Γj×Γk
rr
πjktt✐✐✐✐
✐✐✐
✐✐✐
✐✐
φjk ((❘
❘❘❘
❘❘❘
❘
Vi
Γi -- Vj
Γj

Vk.
Γkrr
Here the fibre product Pij ×Vj Pjk is transverse, and so exists, as πjk is e´tale. We
have shown the actions of various combinations of Γi,Γj ,Γk on each space. In fact
Γi × Γj × Γk acts on the whole diagram, with all maps equivariant, but we have
omitted the trivial actions (for instance, Γj ,Γk act trivially on Vi).
As Γj acts freely on Pij , it also acts freely on Pij ×Vj Pjk, so Pik := (Pij ×Vj
Pjk)/Γj is a manifold, with projection Π: Pij ×Vj Pjk → Pik. The commuting
actions of Γi,Γk on Pij ×Vj Pjk descend to commuting actions of Γi,Γk on Pik
such that Π is Γi- and Γk-equivariant. As πij ◦ πPij : Pij ×Vj Pjk → Vi and φjk ◦
πPjk : Pij×Vj Pjk → Vk are Γj-invariant, they factor through Π, so there are unique
smooth maps πik : Pik → Vi and φik : Pik → Vk such that πij ◦ πPij = πik ◦ Π
and φjk ◦ πPjk = φik ◦Π.
Consider the diagram of vector bundles on Pij ×Vj Pjk:
Π∗ ◦ π∗ik(Ei)
Π∗(φˆik)
// Π∗ ◦ φ∗ik(Ek)
π∗Pij ◦ π
∗
ij(Ei)
π∗Pij
(φˆij)
// π∗Pij ◦ φ
∗
ij(Ej) π
∗
Pjk
◦ π∗jk(Ej)
π∗Pjk
(φˆjk)
// π∗Pjk ◦ φ
∗
jk(Ek).
There is a unique morphism on the top line making the diagram commute. As
φˆij , φˆjk are Γj-equivariant, this is Γj-equivariant, so it is the pullback under Π
∗
of a unique morphism φˆik : π
∗
ik(Ei) → φ
∗
ik(Ek), as shown. It is now easy to check
that (Pik, πik, φik, φˆik) satisfies Definition 3.3(a)–(f), and is a 1-morphism Φik =
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(Pik, πik, φik, φˆik) : (Vi, Ei,Γi, si, ψi)→ (Vk, Ek,Γk, sk, ψk) over (S, g ◦ f). We write
Φjk ◦ Φij = Φik, and call it the composition of 1-morphisms.
If we have three such 1-morphisms Φij ,Φjk,Φkl, define
λijkl :
[
Pij ×Vj
(
(Pjk ×Vk Pkl)/Γk
)]
/Γj →
[(
(Pij ×Vj Pjk)/Γj
)
×Vk Pkl
]
/Γk (3.3)
to be the natural identification. Then we have a 2-isomorphism
αΦkl,Φjk ,Φij :=
[
[Pij ×Vj ((Pjk ×Vk Pkl)/Γk)]/Γj, λijkl , 0
]
:
(Φkl ◦ Φjk) ◦ Φij =⇒ Φkl ◦ (Φjk ◦ Φij).
(3.4)
That is, composition of 1-morphisms is associative up to canonical 2-isomorphism,
as for weak 2-categories in §A.1.
For Φij : (Vi, Ei,Γi, si, ψi)→ (Vj , Ej ,Γj, sj , ψj) as above, define
µij : ((Vi × Γi)×Vi Pij)/Γi −→ Pij ,
νij : (Pij ×Vj (Vj × Γj))/Γj −→ Pij ,
to be the natural identifications. Then we have 2-isomorphisms
βΦij :=
[
((Vi × Γi)×Vi Pij)/Γi, µij , 0
]
: Φij ◦ id(Vi,Ei,Γi,si,ψi) =⇒ Φij ,
γΦij :=
[
(Pij ×Vj (Vj × Γj))/Γj , νij , 0
]
: id(Vj ,Ej,Γj ,sj ,ψj) ◦Φij =⇒ Φij ,
(3.5)
so identity 1-morphisms behave as they should up to canonical 2-isomorphism, as
for weak 2-categories in §A.1.
Definition 3.8. Let X,Y be topological spaces, f : X → Y be continuous, (Vi, Ei,
Γi, si, ψi), (Vj , Ej ,Γj , sj, ψj) be Kuranishi neighbourhoods on X,Y , S ⊆ Imψi ∩
f−1(Imψj) ⊆ X be open, and Φij ,Φ′ij ,Φ
′′
ij : (Vi, Ei,Γi, si, ψi)→ (Vj , Ej ,Γj, sj , ψj)
be 1-morphisms over (S, f) with Φij = (Pij , πij , φij , φˆij), Φ
′
ij = (P
′
ij , π
′
ij , φ
′
ij , φˆ
′
ij),
Φ′′ij = (P
′′
ij , π
′′
ij , φ
′′
ij , φˆ
′′
ij). Suppose Λij = [P˙ij , λij , λˆij ] : Φij ⇒ Φ
′
ij and Λ
′
ij =
[P˙ ′ij , λ
′
ij , λˆ
′
ij ] : Φ
′
ij ⇒ Φ
′′
ij are 2-morphisms over (S, f). We will define the verti-
cal composition of 2-morphisms over (S, f), written
Λ′ij ⊙ Λij = [P˙
′
ij , λ
′
ij , λˆ
′
ij ]⊙ [P˙ij , λij , λˆij ] : Φij =⇒ Φ
′′
ij .
Choose representatives (P˙ij , λij , λˆij), (P˙
′
ij , λ
′
ij , λˆ
′
ij) in the ≈-equivalence classes
[P˙ij , λij , λˆij ], [P˙
′
ij , λ
′
ij , λˆ
′
ij ]. Define P˙
′′
ij = λ
−1
ij (P˙ij) ⊆ P˙ij ⊆ Pij , and λ
′′
ij = λ
′
ij ◦
λij |P˙ ′′
ij
. Consider the morphism of vector bundles
λ∗ij(λˆ
′
ij) : π
∗
ij(Ei)|P˙ ′′ij
= λ∗ij ◦ π
′∗
ij (Ei)|P˙ ′′ij
−→ λ∗ij ◦ φ
′∗
ij(TVj) = (φ
′
ij ◦ λij)
∗(TVj)|P˙ ′′ij
.
Since φ′ij ◦ λij |P˙ ′′ij
= φij |P˙ ′′ij
+ O(π∗ij(si)) by (3.2), the discussion after Definition
3.1(vi) shows that there exists λˇ′ij : π
∗
ij(Ei)|P˙ ′′ij
→ φ∗ij(TVj)|P˙ ′′ij
with
λˇ′ij = λij |
∗
P˙ ′′ij
(λˆ′ij) +O(π
∗
ij(si)), (3.6)
as in Definition 3.1(vi), and λˇ′ij is unique up to O(π
∗
ij(si)). By averaging over the
Γi × Γj-action we can suppose λˇ′ij is Γi- and Γj-equivariant, as λˆ
′
ij is.
Define λˆ′′ij : π
∗
ij(Ei)|P˙ ′′ij
→ φ∗ij(TVj)|P˙ ′′ij
by λˆ′′ij = λˆij |P˙ ′′ij
+ λˇ′ij . It is now easy
to see that (P˙ ′′ij , λ
′′
ij , λˆ
′′
ij) satisfies Definition 3.5(a)–(c) for Φij ,Φ
′′
ij , using (3.2) for
λˆij , λˆ
′
ij and (3.6) to prove (3.2) for λˆ
′′
ij . Hence Λ
′′
ij = [P˙
′′
ij , λ
′′
ij , λˆ
′′
ij ] : Φij ⇒ Φ
′′
ij is
a 2-morphism over (S, f). It is independent of choices. We define [P˙ ′ij , λ
′
ij , λˆ
′
ij ] ⊙
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[P˙ij , λij , λˆij ] = [P˙
′′
ij , λ
′′
ij , λˆ
′′
ij ], or Λ
′
ij ⊙ Λij = Λ
′′
ij . All 2-morphisms over (S, f) are
invertible under vertical composition, that is, they are 2-isomorphisms.
Write HomS,f
(
(Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj , ψj)
)
for the groupoid with ob-
jects 1-morphisms Φij : (Vi, Ei,Γi, si, ψi)→ (Vj , Ej ,Γj , sj, ψj) over (S, f), and mor-
phisms 2-morphisms Λij : Φij ⇒ Φ
′
ij over (S, f). If X = Y and f = idX , we write
this as HomS
(
(Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj , ψj)
)
.
Definition 3.9. Let X,Y, Z be topological spaces, f : X → Y , g : Y → Z be con-
tinuous maps, (Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj , ψj), (Vk, Ek,Γk, sk, ψk) be Kuranishi
neighbourhoods on X,Y, Z, and T ⊆ Imψj ∩ g−1(Imψk) ⊆ Y and S ⊆ Imψi ∩
f−1(T ) ⊆ X be open. Suppose Φij ,Φ′ij : (Vi, Ei,Γi, si, ψi) → (Vj , Ej ,Γj, sj , ψj)
are 1-morphisms of Kuranishi neighbourhoods over (S, f), and Λij : Φij ⇒ Φ′ij is a
2-morphism over (S, f), and Φjk,Φ
′
jk : (Vj , Ej ,Γj , sj , ψj)→ (Vk, Ek,Γk, sk, ψk) are
1-morphisms of Kuranishi neighbourhoods over (T, g), and Λjk : Φjk ⇒ Φ′jk is a
2-morphism over (T, g).
We will define the horizontal composition of 2-morphisms, written
Λjk ∗ Λij : Φjk ◦ Φij =⇒ Φ
′
jk ◦ Φ
′
ij over (S, g ◦ f). (3.7)
Use our usual notation for Φij , . . . ,Λjk, and write (Pik, πik, φik, φˆik) = Φjk ◦
Φij , (P
′
ik, π
′
ik, φ
′
ik, φˆ
′
ik) = Φ
′
jk ◦ Φ
′
ij , as in Definition 3.7. Choose representatives
(P˙ij , λij , λˆij), (P˙jk , λjk, λˆjk) for Λij = [P˙ij , λij , λˆij ] and Λjk = [P˙jk, λjk, λˆjk].
Then Pik = (Pij×VjPjk)/Γj, and P˙ij ⊆ Pij , P˙jk ⊆ Pjk are open and Γj-invariant,
so P˙ij×Vj P˙jk is open and Γj-invariant in Pij×VjPjk. Define P˙ik = (P˙ij×Vj P˙jk)/Γj,
as an open subset of Pik. It is Γi- and Γk-invariant, as P˙ij , P˙jk are Γi- and Γk-
invariant, respectively.
The maps λij : P˙ij → P ′ij , λjk : P˙jk → P
′
jk satisfy φ
′
ij ◦ λij = φij |P˙ij : P˙ij → Vj
and π′jk ◦ λjk = πjk|P˙jk : P˙jk → Vj . Hence by properties of fibre products they
induce a unique smooth map λ˜ik : P˙ij ×φij,Vj ,πjk P˙jk → P
′
ij ×φ′ij,Vj ,π′jk P
′
jk with
πP ′
ij
◦ λ˜ik = λij ◦ πP˙ij and πP ′jk ◦ λ˜ik = λjk ◦ πP˙jk . As everything is Γj-equivariant,
λ˜ik descends to the quotients by Γj . Thus we obtain a unique smooth map
λik : P˙ik = (P˙ij ×Vj P˙jk)/Γj −→ (P
′
ij ×Vj P
′
jk)/Γj = P
′
ik
with λik ◦Π = Π′ ◦ λ˜ik, for Π: P˙ij ×Vj P˙jk → (P˙ij ×Vj P˙jk)/Γj , Π
′ : P ′ij ×Vj P
′
jk →
(P ′ij ×Vj P
′
jk)/Γj the projections.
Define a morphism of vector bundles on P˙ij ×Vj P˙jk
λˇik : Π
∗ ◦ π∗ik(Ei) = (πij ◦ πP˙ij )
∗(Ei) −→ (φjk ◦ πP˙jk )
∗(TVk) = Π
∗ ◦ φ∗ik(TVk)
by λˇik = π
∗
P˙jk
(dφjk ◦ (dπjk)
−1) ◦ π∗
P˙ij
(λˆij) + π
∗
P˙jk
(λˆjk) ◦ π
∗
P˙ij
(φˆij),
where the morphisms are given in the diagram
(πij ◦ πP˙ij )
∗(Ei)
π∗
P˙ij
(λˆij)
π∗
P˙ij
(φˆij)
// (φij ◦ πP˙ij )
∗(Ej) (πjk ◦ πP˙jk)
∗(Ej)
π∗
P˙jk
(λˆjk)

(φij ◦ πP˙ij )
∗(TVj)
(πjk ◦ πP˙jk )
∗(TVj)
π∗
P˙jk
((dπjk)
−1)
//
π∗
P˙jk
(T P˙jk)
π∗
P˙jk
(dφjk)
//
π∗
P˙jk
(dπjk)
oo (φjk ◦ πP˙jk )
∗(TVk).
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Here dπjk : T P˙jk → π∗jk(TVj) is invertible as πjk is e´tale. As all the ingredi-
ents are Γi,Γj ,Γk-invariant or equivariant, λˇik is Γj-invariant, and so descends to
P˙ik = (P˙ij ×Vj P˙jk)/Γj. That is, there is a unique morphism λˆik : πik|
∗
P˙ik
(Ei) →
φik|
∗
P˙ik
(TVk) of vector bundles on P˙ik with Π
∗(λˆik) = λˇik. As λˇik is Γi- and Γk-
equivariant, so is λˆik.
One can now check that (P˙ik, λik, λˆik) satisfies Definition 3.5(a)–(c), where (3.2)
for λˆik follows from adding the pullbacks to P˙ij ×Vj P˙jk of (3.2) for λˆij , λˆjk, so
Λik = [P˙ik, λik, λˆik] is a 2-morphism as in (3.7), which is independent of choices of
(P˙ij , λij , λˆij), (P˙jk , λjk, λˆjk). We define Λjk ∗ Λij = Λik in (3.7).
We have now defined all the structures of a weak 2-category, except that our
1- and 2-morphisms are defined over an open set S ⊆ X , which is not part of the
2-category structure. As in [35, §4.1] and [36, §6.1], there are two ways to make a
genuine 2-category out of this, either (a) working on a fixed topological space X
and open S ⊆ X , or (b) allowing X to vary but requiring S = X throughout.
Theorem 3.10. (a) Let X be a topological space and S ⊆ X an open set. The
definitions above give a weak 2-category KNS(X) of Kuranishi neighbour-
hoods over S, with objects Kuranishi neighbourhoods (Vi, Ei,Γi, si, ψi) on X with
S ⊆ Imψi, and 1- and 2-morphisms 1-morphisms Φij of Kuranishi neighbourhoods
over S, and 2-morphisms Λij over S.
(b) The definitions above also give a weak 2-category GKN of global Kuranishi
neighbourhoods, such that:
(i) The objects
(
X, (V,E,Γ, s, ψ)
)
in GKN are pairs of a topological space X
and a Kuranishi neighbourhood (V,E,Γ, s, ψ) on X with Imψ = X.
(ii) The 1-morphisms (f,Φ):
(
X, (V,E,Γ, s, ψ)
)
→
(
Y, (W,F,∆, t, χ)
)
in GKN
are pairs of a continuous map f : X → Y and a 1-morphism Φ: (V,E,Γ, s,
ψ)→ (W,F,∆, t, χ) of Kuranishi neighbourhoods over (X, f).
(iii) For 1-morphisms (f,Φ), (g,Ψ):
(
X, (V,E,Γ, s, ψ)
)
→
(
Y, (W,F,∆, t, χ)
)
,
the 2-morphisms Λ: (f,Φ) ⇒ (g,Ψ) in GKN exist only if f = g, and are
2-morphisms Λ: Φ⇒ Ψ of Kuranishi neighbourhoods over (X, f).
All 2-morphisms in KNS(X),GKN are 2-isomorphisms, that is, KNS(X),GKN
are (2, 1)-categories.
Definition 3.11. Recall from §A.1 that an equivalence in a 2-category C is a 1-
morphism f : A → B in C such that there exist a 1-morphism g : B → A (called
a quasi-inverse) and 2-isomorphisms η : g ◦ f ⇒ idA and ζ : f ◦ g ⇒ idB. A 1-
morphism f : A→ B is an equivalence if and only if [f ] : A→ B is an isomorphism
(is invertible) in the homotopy category Ho(C).
A 1-morphism Φij : (Vi, Ei,Γi, si, ψi) → (Vj , Ej ,Γj , sj , ψj) on X over S is a
coordinate change over S if Φij is an equivalence in the 2-category KNS(X).
Definition 3.12. Let T ⊆ S ⊆ X be open. Define the restriction 2-functor
|T : KNS(X) → KNT (X) to map objects (Vi, Ei,Γi, si, ψi) to exactly the same
objects, and 1-morphisms Φij to exactly the same 1-morphisms but regarded as
1-morphisms over T , and 2-morphisms Λij = [P˙ij , λij , λˆij ] over S to Λij |T =
[P˙ij , λij , λˆij ]|T , where [P˙ij , λij , λˆij ]|T is the ≈T -equivalence class of any representa-
tive (P˙ij , λij , λˆij) for the ≈S-equivalence class [P˙ij , λij , λˆij ].
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Then |T : KNS(X)→ KNT (X) commutes with all the structure, so we may we
regard |T as a weak 2-functor as in §A.2 for which the additional 2-isomorphisms
Fg,f are identities.
If U ⊆ T ⊆ S ⊆ X are open then |U ◦ |T = |U : KNS(X) → KNU (X). Also
|S gives a functor |T : HomS
(
(Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj , ψj)
)
→ HomT
(
(Vi,
Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj , ψj)
)
when T ⊆ S ⊆ Imψi ∩ Imψj , in the notation of
Definition 3.8.
Definition 3.13. So far we have discussed 1- and 2-morphisms of Kuranishi neigh-
bourhoods, and coordinate changes, over a specified open set S ⊆ X , or over (S, f).
We now make the convention that when we do not specify a domain S for a 1-
morphism, 2-morphism, or coordinate change, the domain should be as large as
possible. For example, if we say that Φij : (Vi, Ei,Γi, si, ψi)→ (Vj , Ej ,Γj , sj , ψj) is
a 1-morphism (or a 1-morphism over f : X → Y ) without specifying S, we mean
that S = Imψi ∩ Imψj (or S = Imψi ∩ f−1(Imψj)).
Similarly, if we write a formula involving several 2-morphisms (possibly defined
on different domains), without specifying the domain S, we make the convention
that the domain where the formula holds should be as large as possible. That is,
the domain S is taken to be the intersection of the domains of each 2-morphism
in the formula, and we implicitly restrict each morphism in the formula to S as in
Definition 3.12, to make it make sense.
3.3. Properties of 1- and 2-morphisms. The next result [35, Th. 4.14], [36, §6.1]
is very important in our theory. We will call Theorem 3.14 the stack property. We
will use it in §4.1 to construct compositions of 1- and 2-morphisms of Kuranishi
spaces. Stacks on topological spaces are the 2-category analogue of sheaves, and are
defined in §A.4.
Theorem 3.14. (a) Let (Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj, sj , ψj) be Kuranishi nei-
ghbourhoods on a topological space X. For each open S ⊆ Imψi ∩ Imψj , set
Hom
(
(Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj , ψj)
)
(S)
= HomS
(
(Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj , ψj)
)
,
as in Definition 3.8, for all open T ⊆ S ⊆ Imψi ∩ Imψj define a functor
ρST : Hom
(
(Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj, ψj)
)
(S) −→
Hom
(
(Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj, ψj)
)
(T )
by ρST = |T , as in Definition 3.12, and for all open U ⊆ T ⊆ S ⊆ Imψi ∩
Imψj take the obvious isomorphism ηSTU = idρSU : ρTU ◦ ρST ⇒ ρSU . Then
Hom
(
(Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj, sj , ψj)
)
is a stack on Imψi ∩ Imψj.
Coordinate changes (Vi, Ei,Γi, si, ψi) → (Vj , Ej ,Γj , sj , ψj) also form a stack
Equ
(
(Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj , ψj)
)
on Imψi ∩ Imψj , which is a substack
of Hom
(
(Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj, ψj)
)
.
(b) Let f : X → Y be continuous, and (Ui, Di,Bi, ri, χi), (Vj , Ej ,Γj , sj , ψj) be
Kuranishi neighbourhoods on X,Y, respectively. Then 1- and 2-morphisms from
(Ui, Di,Bi, ri, χi) to (Vj , Ej ,Γj , sj , ψj) over f form a stack Homf
(
(Ui, Di,Bi, ri,
χi), (Vj , Ej ,Γj , sj , ψj)
)
on Imχi ∩ f
−1(Imψj) ⊆ X.
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Here [35, Th. 4.16], [36, §10.5] is a criterion for recognizing when a 1-morphism
of Kuranishi neighbourhoods is a coordinate change, that is, is invertible up to
2-isomorphism. Note the similarity of (3.8) to equation (2.2).
Theorem 3.15. Let Φij = (Pij , πij , φij , φˆij) : (Vi, Ei,Γi, si, ψi) → (Vj , Ej ,Γj,
sj , ψj) be a 1-morphism of Kuranishi neighbourhoods over S ⊆ X. Let p ∈
π−1ij (ψ¯
−1
i (S)) ⊆ Pij , and set vi = πij(p) ∈ Vi and vj = φij(p) ∈ Vj . Consider
the sequence of real vector spaces:
0 // TviVi
dsi|vi⊕(dφij|p◦dπij |
−1
p ) // Ei|vi ⊕ TvjVj
−φˆij |p⊕dsj|vj // Ej |vj // 0. (3.8)
Here dπij |p : TpPij → TviVi is invertible as πij is e´tale. Definition 3.3(e) implies
that (3.8) is a complex. Also consider the morphism of finite groups
ρp :
{
(γi, γj) ∈ Γi × Γj : (γi, γj) · p = p
}
−→
{
γj ∈ Γj : γj · vj = vj
}
,
ρp : (γi, γj) 7−→ γj .
(3.9)
Then Φij is a coordinate change over S, in the sense of Definition 3.11, if and
only if (3.8) is exact and (3.9) is an isomorphism for all p ∈ π−1ij (ψ¯
−1
i (S)).
3.4. Relation to Fukaya–Oh–Ohta–Ono’s work. We now relate our definitions
in §3.1–§3.3 to FOOO Kuranishi neighbourhoods and FOOO coordinate changes
from §2.1.
Example 3.16. Compare Definition 2.1 of FOOO Kuranishi neighbourhoods (V,
E,Γ, s, ψ), and Definition 3.2 of our Kuranishi neighbourhoods (V˜ , E˜, Γ˜, s˜, ψ˜). The
differences are that E is a vector space, but E˜ → V˜ is a vector bundle over V˜ . Also
Γ must act effectively on V , but Γ˜ need not act effectively on V˜ .
To make a FOOO Kuranishi neighbourhood (V,E,Γ, s, ψ) into one of our Ku-
ranishi neighbourhoods (V˜ , E˜, Γ˜, s˜, ψ˜), take V˜ = V , Γ˜ = Γ, ψ˜ = ψ, let π˜ : E˜ → V˜ be
the trivial vector bundle πV : V ×E → V with fibre E, and s˜ = id×s : V → V ×E.
Thus, FOOO Kuranishi neighbourhoods correspond to special examples of our Ku-
ranishi neighbourhoods (V˜ , E˜, Γ˜, s˜, ψ˜), in which π˜ : E˜ → V˜ is a trivial vector bundle,
and Γ˜ acts effectively on V˜ .
By an abuse of notation, we will sometimes identify FOOO Kuranishi neighbour-
hoods with the corresponding Kuranishi neighbourhoods in §3.1. That is, we will
use E to denote both a vector space, and the corresponding trivial vector bundle
over V , and s to denote both a map, and a section of a trivial bundle. Fukaya et
al. [13, Def. 4.3(4)] also make the same abuse of notation.
Example 3.17. Let Φij = (Vij , hij , ϕij , ϕˆij) : (Vi, Ei,Γi, si, ψi) → (Vj , Ej ,Γj , sj,
ψj) be a FOOO coordinate change over S, as in Definition 2.2. As in Example
3.16, regard the FOOO Kuranishi neighbourhoods (Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj , sj,
ψj) as examples of Kuranishi neighbourhoods in the sense of §3.1.
Set Pij = Vij × Γj . Let Γi act on Pij by γi : (v, γ) 7→ (γi · v, γhij(γi)−1). Let
Γj act on Pij by γj : (v, γ) 7→ (v, γjγ). Define πij : Pij → Vi and φij : Pij → Vj
by πij : (v, γ) 7→ v and φij : (v, γ) 7→ γ · ϕij(v). Then πij is Γi-equivariant and
Γj-invariant. Since ϕij is hij-equivariant, φij is Γi-invariant, and Γj-equivariant.
We will define a vector bundle morphism φˆij : π
∗
ij(Ei)→ φ
∗
ij(Ej). At (v, γ) ∈ Pij ,
this φˆij must map Ei|v → Ej |γ·ϕij(v). We define φˆij |(v,γ) to be the composition of
KURANISHI SPACES AS A 2-CATEGORY 23
ϕˆij |v : Ei|v → Ej |ϕij(v) with γ· : Ej |ϕij(v) → Ej |γ·ϕij(v) from the Γj-action on Ej .
That is, φˆij |Vij×{γ} = γ · ϕˆij for each γ ∈ Γj .
It is now easy to see that Φ˜ij = (Pij , πij , φij , φˆij) : (Vi, Ei,Γi, si, ψi) → (Vj , Ej ,
Γj, sj , ψj) is a 1-morphism over S, in the sense of §3.1. Theorem 3.15 shows that
Φ˜ij is a coordinate change over S, in the sense of §3.2.
We will show that the elements γαrqp ∈ Γp in Definition 2.4(b) correspond in the
setting of §3 to a 2-morphism Λrqp : Φ˜qp ◦ Φ˜rq ⇒ Φ˜rp.
Example 3.18. (i) In the Fukaya–Oh–Ohta–Ono theory [9–19], one often relates
two FOOO coordinate changes in the following way. Let Φij = (Vij , hij , ϕij , ϕˆij),
Φ′ij = (V
′
ij , h
′
ij , ϕ
′
ij , ϕˆ
′
ij) : (Vi, Ei,Γi, si, ψi) → (Vj , Ej ,Γj, sj , ψj) be FOOO coordi-
nate changes over S. Suppose there exists γ ∈ Γj such that
hij = γ · h
′
ij · γ
−1, φij = γ · φ
′
ij , and φˆij = γ · φˆ
′
ij , (3.10)
where the second and third equations hold on V˙ij := Vij ∩ V ′ij .
Let Φ˜ij , Φ˜
′
ij : (Vi, Ei,Γi, si, ψi) → (Vj , Ej ,Γj , sj , ψj) be the 1-morphisms in the
sense of §3.1 corresponding to Φij ,Φ′ij in Example 3.17. Set P˙ij = V˙ij × Γj ⊆ Pij .
Define λij : P˙ij = V˙ij × Γj → V ′ij × Γj = P
′
ij by λij : (v, γ
′) 7→ (v, γ′γ), and λˆij = 0.
Then (P˙ij , λij , λˆij) satisfies Definition 3.5(a)–(c), so we have defined a 2-morphism
Λij = [P˙ij , λij , λˆij ] : Φ˜ij ⇒ Φ˜
′
ij , in the sense of §3.1.
(ii) This enables us to interpret Definition 2.4(b) in terms of a 2-morphism. In the
situation of Definition 2.4(b), the composition of the FOOO coordinate changes
Φrq,Φqp is Φqp◦Φqp =
(
ϕ−1rq (Vqp), hqp◦hrq, ϕqp◦ϕrq|ϕ−1rq (Vqp), ϕ
∗
rq(ϕˆqp)◦ϕˆrq|ϕ−1rq (Vqp)
)
.
Thus, (2.3) relates Φqp ◦Φrq to Φrp in the same way that (3.10) relates Φij to Φ′ij ,
except for allowing γrqp to vary on different connected components. Hence, if
Φ˜rq, Φ˜qp, Φ˜rp are the coordinate changes in the sense of §3.2 associated to Φrq,Φqp,
Φrp in Example 3.17, then the method of (i) defines a 2-morphism Λpqr : Φ˜qp◦Φ˜rq ⇒
Φ˜rp, in the sense of §3.1.
(iii) In the situation of Definition 2.4(b), suppose v ∈ (ϕ−1rq (Vqp)∩ Vrp)
α is generic.
Then StabΓr (v) = {1}, as Γr acts (locally) effectively on Vr by Definition 2.1(c).
Hence StabΓp(ϕrp(v)) = {1} by Definition 2.2(g). Therefore the point γ
α
rqp·ϕrp(v) =
ϕqp ◦ϕrq(v) in Vp determines γαrqp in Γp. So the second equation of (2.3) determines
γαrqp ∈ Γp uniquely, provided it exists. Thus the 2-morphism Λpqr : Φ˜qp ◦ Φ˜rq ⇒ Φ˜rp
in (ii) is also determined uniquely.
3.5. Relation to McDuff and Wehrheim’s work. We can also connect our def-
initions in §3.1–§3.3 to MW Kuranishi neighbourhoods and MW coordinate changes
from §2.3. As in Example 3.16, by an abuse of notation we will regard MW Ku-
ranishi neighbourhoods as examples of our Kuranishi neighbourhoods in §3.1. We
relate MW coordinate changes to ours:
Example 3.19. Let ΦBC = (V˜BC , ρBC , ̟BC , ϕˆBC) : (VB , EB ,ΓB, sB, ψB)→ (VC ,
EC ,ΓC , sC , ψC) be an MW coordinate change over S, as in Definition 2.11. Re-
gard (VB , EB,ΓB, sB, ψB), (VC , EC ,ΓC , sC , ψC) as Kuranishi neighbourhoods in
the sense of §3.1.
Set PBC = V˜BC × ΓB. Let ΓB act on PBC by γB : (v, γ) 7→ (v, γBγ). Let ΓC
act on PBC by γC : (v, γ) 7→ (γC · v, γρBC(γC)
−1). Define πBC : PBC → VB and
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φBC : PBC → VC by πBC : (v, γ) 7→ γ ·̟BC(v) and φBC : (v, γ) 7→ v. Then πBC is
ΓB-equivariant and ΓC -invariant, and φBC is ΓB-invariant and ΓC-equivariant.
Define φˆBC : π
∗
BC(VB × EB) → φ
∗
BC(VC × EC), as a morphism of trivial
vector bundles with fibres EB, EC on PBC = V˜BC × ΓB, by φˆBC |V˜BC×{γ} =
ϕˆBC◦(γ−1·−) for each γ ∈ ΓB. It is easy to see that Φ˜BC = (PBC , πBC , φBC , φˆBC) :
(VB, EB ,ΓB, sB, ψB)→ (VC , EC ,ΓC , sC , ψC) is a 1-morphism over S, in the sense
of §3.1. Combining Definition 2.11(g) and Theorem 3.15 shows that Φ˜BC is a
coordinate change over S, in the sense of §3.2.
We relate Definition 2.12(d) to 2-morphisms in §3.1:
Example 3.20. In the situation of Definition 2.12(d), let Φ˜BC , Φ˜BD, Φ˜CD be the
coordinate changes in the sense of §3.2 associated to the MW coordinate changes
ΦBC ,ΦBD,ΦCD in Example 3.19. The composition coordinate change Φ˜CD◦Φ˜BC =
(PBCD, πBCD, φBCD, φˆBCD) from Definition 3.7 has
PBCD =
[
(V˜BC × ΓB)×VC (V˜CD × ΓC)
]/
ΓC
∼= (V˜BC ×VC V˜CD)× ΓB ∼= ̟
−1
CD(V˜BC)× ΓB.
(3.11)
Define P˙BCD to be the open subset of PBCD identified with V˜BCD × ΓB by (3.11),
and λBCD : P˙BCD → PBD = V˜BD × ΓB to be the map identified by (3.11) with
the inclusion V˜BCD × ΓB →֒ V˜BD × ΓB, and λˆBCD = 0. Then as in Example
3.18(i), we can show that (P˙BCD, λBCD, λˆBCD) satisfies Definition 3.5(a)–(c), so
we have defined a 2-morphism ΛBCD = [P˙BCD, λBCD, λˆBCD] : Φ˜CD ◦ Φ˜BC ⇒ Φ˜BD
on SBCD = ImψB ∩ ImψC ∩ ImψD, in the sense of §3.1.
3.6. Relation to d-orbifolds. The author has developed a theory of Derived Dif-
ferential Geometry [32–34], involving ‘d-manifolds’ and ‘d-orbifolds’, derived ver-
sions of smooth manifolds and orbifolds, where ‘derived’ is in the sense of De-
rived Algebraic Geometry. D-manifolds and d-orbifolds form strict 2-categories
dMan,dOrb. For other definitions of derived manifolds, which form∞-categories,
see Spivak [50] and Borisov–Noel [6]. Borisov [5] explains how the d-manifolds
of [32–34] are related to the derived manifolds of Spivak [50] and Borisov–Noel [6].
D-manifolds are a full 2-subcategory of the strict 2-category of ‘d-spaces’ dSpa,
where a d-space X = (X,O•X) is a topological space X with a sheaf O
•
X of ‘square
zero dg C∞-rings’, satisfying some conditions. Here a square zero dg C∞-ring is a
2-categorical, differential-geometric analogue of the commutative differential graded
algebras (cdgas) used as basic objects in Derived Algebraic Geometry. D-orbifolds
are a Deligne–Mumford stack version of d-manifolds.
The initial definitions of d-manifolds and d-orbifolds broadly follow those of
schemes and stacks in algebraic geometry, and look nothing like §3.1–§3.2. But
in order to describe d-manifolds and d-orbifolds in classical differential-geometric
language, the author [34, §3 & §10] proves results on ‘standard model’ d-manifolds
and d-orbifolds, and ‘standard model’ 1- and 2-morphisms.
In terms of the ideas of §3.1, a ‘standard model’ d-manifold SV,E,s or d-orbifold
SV,E,Γ,s is constructed from a Kuranishi neighbourhood (V,E,Γ, s, ψ), with Γ =
{1} in the d-manifold case, and ‘standard model’ 1- and 2-morphisms are con-
structed from the data in 1- and 2-morphisms of Kuranishi neighbourhoods. By
comparing §3.1–§3.2 with results in [34, §3 & §10], we can deduce:
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Theorem 3.21. (a) Suppose (V,E,Γ, s, ψ) is a global Kuranishi neighbourhood
on a topological space X, where ‘global’ means Imψ = X. Then we can define a
‘standard model’ d-orbifold SV,E,Γ,s, with underlying topological space X.
(b) Let (Vi, Ei,Γi, si, ψi), (Vj , Ej ,Γj, sj , ψj) be global Kuranishi neighbourhoods on
X,Y, and f : X → Y be continuous, and Φij : (Vi, Ei,Γi, si, ψi) → (Vj , Ej ,Γj , sj,
ψj) be a 1-morphism of Kuranishi neighbourhoods over (X, f). Then we can define
a ‘standard model’ 1-morphism of d-orbifolds in dOrb
SΦij : SVi,Ei,Γi,si −→ SVj ,Ej ,Γj ,sj ,
with underlying continuous map f .
(c) Let f : SVi,Ei,Γi,si → SVj ,Ej,Γj ,sj be a 1-morphism in dOrb between standard
model d-orbifolds. Then f is 2-isomorphic in dOrb to some standard model 1-
morphism SΦij , as in (b).
(d) Suppose Φij ,Φ
′
ij : (Vi, Ei,Γi, si, ψi) → (Vj , Ej ,Γj , sj , ψj) are 1-morphisms of
Kuranishi neighbourhoods over (X, f), with associated 1-morphisms of d-orbifolds
SΦij ,SΦ′ij . Then there is a canonical 1-1 correspondence between 2-morphisms
Λ: Φij ⇒ Φ′ij of Kuranishi neighbourhoods over (X, f), and 2-morphisms λ : SΦij
⇒ SΦ′
ij
of d-orbifolds.
These maps from Kuranishi neighbourhoods, 1- and 2-morphisms to d-orbifolds, 1-
and 2-morphisms are compatible with the rest of the 2-category structures.
This implies that the full strict 2-subcategory SMod ⊂ dOrb with objects
‘standard model’ d-orbifolds is equivalent to the weak 2-category GKN of global
Kuranishi neighbourhoods in Theorem 3.10.
In fact the author deliberately wrote §3.1–§3.2 by translating facts about d-
orbifolds into Kuranishi-style, differential-geometric language, which makes Theo-
rem 3.21 almost a tautology. But the facts about ‘standard model’ d-manifolds and
d-orbifolds on which Theorem 3.21 is based are genuine theorems, not just simple
consequences of the definition of d-orbifolds.
4. The weak 2-category of Kuranishi spaces
We now define our 2-category of Kuranishi spaces Kur. The material of this
section, and the proofs of the theorems, have a different character to those of §3.
Section 3 was largely about differential geometry: in Kuranishi neighbourhoods
(Vi, Ei,Γi, si, ψi) it really mattered that Vi is a manifold, and so on, and the proofs
of Theorems 3.10, 3.14 and 3.15 use many properties of manifolds.
This section involves a lot of stack theory from algebraic geometry, but very little
differential geometry. When we define Kuranishi structures in §4.1, in Kuranishi
neighbourhoods (Vi, Ei,Γi, si, ψi) we do not care that Vi is a manifold, it only
matters that (Vi, Ei,Γi, si, ψi) is an object in a 2-category KNS(X) for open S ⊆
Imψi ⊆ X , which has a stack property as in Theorem 3.14.
Because of this, the framework below works whenever we have some class of
‘charts’ on a topological space satisfying the analogues of Theorems 3.10 and 3.14,
so for instance we can easily define Kuranishi spaces with boundary and corners,
or Kuranishi spaces associated to other categories of manifolds.
All of this section, including proofs of quoted results, comes from [35, 36].
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4.1. Kuranishi spaces, 1-morphisms, and 2-morphisms. Here is one of the
main definitions of the paper:
Definition 4.1. Let X be a Hausdorff, second countable topological space (not
necessarily compact), and n ∈ Z. A Kuranishi structure K on X of virtual dimen-
sion n is data K =
(
I, (Vi, Ei,Γi, si, ψi)i∈I , Φij, i,j∈I , Λijk, i,j,k∈I
)
, where:
(a) I is an indexing set (not necessarily finite).
(b) (Vi, Ei,Γi, si, ψi) is a Kuranishi neighbourhood on X for each i ∈ I, with
dim Vi − rankEi = n.
(c) Φij = (Pij , πij , φij , φˆij) : (Vi, Ei,Γi, si, ψi)→ (Vj , Ej ,Γj , sj , ψj) is a coordi-
nate change for all i, j ∈ I (as usual, defined over S = Imψi ∩ Imψj).
(d) Λijk = [P˙ijk, λijk , λˆijk] : Φjk ◦ Φij ⇒ Φik is a 2-morphism for all i, j, k ∈ I
(as usual, defined over S = Imψi ∩ Imψj ∩ Imψk).
(e)
⋃
i∈I Imψi = X .
(f) Φii = id(Vi,Ei,Γi,si,ψi) for all i ∈ I.
(g) Λiij = βΦij and Λijj = γΦij for all i, j ∈ I, for βΦij ,γΦij as in (3.5).
(h) The following diagram of 2-morphisms over S = Imψi ∩ Imψj ∩ Imψk ∩
Imψl commutes for all i, j, k, l ∈ I, for αΦkl,Φjk,Φij as in (3.4):
(Φkl ◦ Φjk) ◦ Φij
αΦkl,Φjk,Φij

Λjkl∗idΦij
+3 Φjl ◦ Φij
Λijl

Φkl ◦ (Φjk ◦ Φij)
idΦkl∗Λijk +3 Φkl ◦ Φik
Λikl +3 Φil.
We call X = (X,K) a Kuranishi space, of virtual dimension vdimX = n.
When we write x ∈ X, we mean that x ∈ X . We can define orientations on
Kuranishi spaces in a very similar way to Definition 2.5.
Example 4.2. Let V be a manifold, E → V a vector bundle, Γ a finite group with
a smooth action on V and a compatible action on E preserving the vector bundle
structure, and s : V → E a Γ-equivariant smooth section. Set X = s−1(0)/Γ, with
the quotient topology induced from the closed subset s−1(0) ⊆ V . Then X is
Hausdorff and second countable, as V is and Γ is finite.
Define a Kuranishi structure K =
(
{0}, (V0, E0,Γ0, s0, ψ0),Φ00,Λ000
)
on X with
indexing set I = {0}, one Kuranishi neighbourhood (V0, E0,Γ0, s0, ψ0) with V0 =
V , E0 = E, Γ0 = Γ, s0 = s and ψ0 = idX , one coordinate change Φ00 =
id(V0,E0,Γ0,s0,ψ0), and one 2-morphism Λ000 = idΦ00 . Then X = (X,K) is a Kuran-
ishi space, with vdimX = dimV − rankE. We write SV,E,Γ,s =X.
We will need notation to distinguish Kuranishi neighbourhoods, coordinate chan-
ges, and 2-morphisms on different Kuranishi spaces. We will often use the following
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notation for Kuranishi spaces W,X,Y ,Z:
W = (W,H), H =
(
H, (Th, Ch,Ai, qh, ϕh)h∈H , Σhh′ = (Ohh′ , πhh′ , σhh′ ,
σˆhh′)h,h′∈H , Ihh′h′′ = [O˙hh′h′′ , ιhh′h′′ , ιˆhh′h′′ ]h,h′,h′′∈H
)
, (4.1)
X = (X, I), I =
(
I, (Ui, Di,Bi, ri, χi)i∈I , Tii′ = (Pii′ , πii′ , τii′ ,
τˆii′ )i,i′∈I , Kii′i′′ = [P˙ii′i′′ , κii′i′′ , κˆii′i′′ ]i,i′,i′′∈I
)
, (4.2)
Y = (Y,J ), J =
(
J, (Vj , Ej ,Γj , sj, ψj)j∈J , Υjj′ = (Qjj′ , πjj′ , υjj′ ,
υˆjj′ )j,j′∈J , Λjj′j′′ = [Q˙jj′j′′ , λjj′j′′ , λˆjj′j′′ ]j,j′,j′′∈J
)
, (4.3)
Z = (Z,K), K =
(
K, (Wk, Fk,∆k, tk, ωk)k∈K , Φkk′ = (Rkk′ , πkk′ , φkk′ ,
φˆkk′ )k,k′∈K , Mkk′k′′ = [R˙kk′k′′ , µkk′k′′ , µˆkk′k′′ ]k,k′,k′′∈K
)
. (4.4)
Next we define 1- and 2-morphisms of Kuranishi spaces. Note a possible con-
fusion: we will be defining 1-morphisms of Kuranishi spaces f , g : X → Y and 2-
morphisms of Kuranishi spaces η : f ⇒ g, but these will be built out of 1-morphisms
of Kuranishi neighbourhoods f ij , gij : (Ui, Di,Bi, ri, χi) → (Vj , Ej ,Γj , sj , ψj) and
2-morphisms of Kuranishi neighbourhoods ηij : f ij ⇒ gij in the sense of §3.1, so
‘1-morphism’ and ‘2-morphism’ can mean two things.
Definition 4.3. Let X = (X, I) and Y = (Y,J ) be Kuranishi spaces, with nota-
tion (4.2)–(4.3). A 1-morphism of Kuranishi spaces f : X → Y is data
f =
(
f,f ij, i∈I, j∈J , F
j, j∈J
ii′, i,i′∈I , F
jj′, j,j′∈J
i, i∈I
)
,
satisfying the conditions:
(a) f : X → Y is a continuous map.
(b) f ij = (Pij , πij , fij , fˆij) : (Ui, Di,Bi, ri, χi)→ (Vj , Ej ,Γj, sj , ψj) is a 1-mor-
phism of Kuranishi neighbourhoods over f for all i ∈ I, j ∈ J (defined over
S = Imχi ∩ f−1(Imψj), as usual).
(c) F jii′ = [P˙
j
ii′ , F
j
ii′ , Fˆ
j
ii′ ] : f i′j ◦ Tii′ ⇒ f ij is a 2-morphism over f for all
i, i′ ∈ I and j ∈ J (defined over S = Imχi ∩ Imχi′ ∩ f−1(Imψj)).
(d) F jj
′
i = [P˙
jj′
i , F
jj′
i , Fˆ
jj′
i ] : Υjj′ ◦ f ij ⇒ f ij′ is a 2-morphism over f for all
i ∈ I and j, j′ ∈ J (defined over S = Imχi ∩ f
−1(Imψj ∩ Imψj′)).
(e) F jii = βf ij and F
jj
i = γf ij for all i ∈ I, j ∈ J , for βfij ,γfij as in (3.5).
(f) The following commutes for all i, i′, i′′ ∈ I and j ∈ J :
(f i′′j ◦ Ti′i′′) ◦ Tii′
αf
i′′j
,T
i′i′′
,T
ii′

F
j
i′i′′
∗idT
ii′
+3 f i′j ◦ Tii′
F
j
ii′ 
f i′′j ◦ (Ti′i′′ ◦Tii′ )
idf
i′′j
∗Kii′i′′
+3 f i′′j ◦ Tii′′
F
j
ii′′ +3 f ij .
(g) The following commutes for all i, i′ ∈ I and j, j′ ∈ J :
(Υjj′ ◦ f i′j) ◦ Tii′
αΥ
jj′
,f
i′j
,T
ii′

F
jj′
i′
∗idT
ii′
+3 f i′j′ ◦ Tii′
F
j′
ii′ 
Υjj′ ◦ (f i′j ◦ Tii′)
idΥ
jj′
∗F j
ii′
+3 Υjj′ ◦ f ij
F
jj′
i +3 f ij′ .
28 DOMINIC JOYCE
(h) The following commutes for all i ∈ I and j, j′, j′′ ∈ J :
(Υj′j′′ ◦Υjj′ ) ◦ f ij
αΥ
j′j′′
,Υ
jj′
,fij

Λjj′j′′∗idfij
+3 Υjj′′ ◦ f ij
F
jj′′
i 
Υj′j′′ ◦ (Υjj′ ◦ f ij)
idΥ
j′j′′
∗F jj
′
i
+3 Υj′j′′ ◦ f ij′
F
j′j′′
i +3 f ij′′ .
If x ∈X (i.e. x ∈ X), we will write f(x) = f(x) ∈ Y .
When Y =X, define the identity 1-morphism idX : X →X by
idX =
(
idX ,Tij, i,j∈I , K
j∈I
ii′j, i,i′∈I , K
j,j′∈I
ijj′, i∈I
)
,
Then Definition 4.1(h) implies that (f)–(h) above hold.
Definition 4.4. Let X = (X, I) and Y = (Y,J ) be Kuranishi spaces, with nota-
tion as in (4.2)–(4.3), and f , g : X → Y be 1-morphisms. Suppose the continuous
maps f, g : X → Y in f , g satisfy f = g. A 2-morphism of Kuranishi spaces η : f ⇒
g is data η =
(
ηij, i∈I, j∈J
)
, where ηij = [P˙ij , ηij , ηˆij ] : f ij ⇒ gij is a 2-morphism
of Kuranishi neighbourhoods over f = g (defined over S = Imχi ∩ f−1(Imψj), as
usual), satisfying the conditions:
(a) Gjii′ ⊙ (ηi′j ∗ idTii′ ) = ηij ⊙ F
j
ii′ : f i′j ◦ Tii′ ⇒ gij for all i, i
′ ∈ I, j ∈ J .
(b) Gjj
′
i ⊙ (idΥjj′ ∗ ηij) = ηij′ ⊙ F
jj′
i : Υjj′ ◦ f ij ⇒ gij′ for all i ∈ I, j, j
′ ∈ J .
Note that by definition, 2-morphisms η : f ⇒ g only exist if f = g.
If f = g, the identity 2-morphism is idf =
(
idf ij , i∈I, j∈J
)
: f ⇒ f .
4.2. Making Kuranishi spaces into a 2-category. We will make Kuranishi
spaces into a weak 2-category. We have already defined the objects, 1-morphisms,
2-morphisms, and identity 1- and 2-morphisms in §4.1. As for §3.2, it remains to
explain:
• Composition of 1-morphisms;
• Horizontal composition of 2-morphisms;
• Vertical composition of 2-morphisms; and
• Coherence 2-isomorphisms αg,f ,e : (g◦f)◦e⇒ g◦(f ◦e), βf : f ◦idX ⇒ f ,
and γf : idY ◦ f ⇒ f , as in (A.5) and (A.7).
We will define composition of 1-morphisms in Proposition 4.5 and Definition 4.6.
The definition involves some interesting issues, so we discuss these first. Suppose
f : X → Y , g : Y → Z are 1-morphisms of Kuranishi spaces. We want to define the
composition g ◦ f : X → Z. Use notation (4.2)–(4.4) for X,Y ,Z. Then Kuranishi
neighbourhoods on X are parametrized by i ∈ I, where {Imχi : i ∈ I} is an open
cover of X , and similarly {Imψj : j ∈ J} is an open cover of Y , and {Imωk : k ∈ K}
is an open cover of Z.
To make g ◦ f , for each i ∈ I and k ∈ K we need a 1-morphism of Kuranishi
neighbourhoods (g ◦f)ik defined on Imχi∩ (g ◦ f)−1(Imωk) ⊆ X . But we actually
have 1-morphisms gjk ◦ f ij defined on Imχi ∩ f
−1(ψj) ∩ (g ◦ f)−1(Imωk) ⊆ X for
all j ∈ J . We will construct (g ◦ f)ik by gluing together the gjk ◦ f ij for all j ∈ J
using the stack property of Kuranishi neighbourhoods, Theorem 3.14.
The stack property is crucial, as without it we could not define composition of
1-morphisms of Kuranishi spaces, and could not make Kuranishi spaces into a 2-
category. For FOOO Kuranishi spaces in §2.1, or MW weak Kuranishi atlases in
§2.3, one could write down notions of morphisms similar to Definition 4.3. However,
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as FOOO/MW coordinate changes do not form sheaves or stacks, there seems no
obvious way to define compositions of such morphisms.
In the next proposition, taken from [35, §4.3], [36, §6.2], part (a) constructs can-
didates h for g◦f , part (b) shows such h are unique up to canonical 2-isomorphism,
and part (c) that f , g are allowed candidates for idY ◦ f , g ◦ idY .
Proposition 4.5. (a) Let X = (X, I),Y = (Y,J ),Z = (Z,K) be Kuranishi
spaces with notation (4.2)–(4.4), and f : X → Y , g : Y → Z be 1-morphisms, with
f =
(
f,f ij ,F
j
ii′ ,F
jj′
i
)
, g =
(
g, gjk,G
k
jj′ ,G
kk′
j
)
. Then there exists a 1-morphism
h : X → Z with h =
(
h,hik,H
k
ii′ ,H
kk′
i
)
, such that h = g ◦ f : X → Z, and for all
i ∈ I, j ∈ J, k ∈ K we have 2-morphisms over h
Θijk : gjk ◦ f ij =⇒ hik, (4.5)
where as usual (4.5) holds over S = Imχi ∩ f−1(Imψj) ∩ h−1(Imωk), and for all
i, i′ ∈ I, j, j′ ∈ J, k, k′ ∈ K the following commute:
(gjk ◦ f i′j) ◦ Tii′
αgjk,fi′j ,Tii′

Θi′jk∗idTii′
+3 hi′k ◦ Tii′
Hk
ii′

gjk ◦ (f i′j ◦ Tii′ )
idgjk ∗F
j
ii′ +3 gjk ◦ f ij
Θijk +3 hik,
(gj′k ◦Υjj′ ) ◦ f ij
αg
j′k
,Υ
jj′
,fij

Gk
jj′
∗idfij
+3 gjk ◦ f ij
Θijk

gj′k ◦ (Υjj′ ◦ f ij)
idg
j′k
∗F jj
′
i
+3 gj′k ◦ f ij′
Θij′k +3 hik,
(Φkk′ ◦ gjk) ◦ f ij
αΦ
kk′
,gjk,fij

Gkk
′
j ∗idfij
+3 gjk′ ◦ f ij
Θijk′

Φkk′ ◦ (gjk ◦ f ij)
idΦ
kk′
∗Θijk
+3 Φkk′ ◦ hik
Hkk
′
i +3 hik′ .
(b) If h˜ =
(
h, h˜ik, H˜
k
ii′ , H˜
kk′
i
)
, Θ˜ijk are alternative choices for h,Θijk in (a),
then there is a unique 2-morphism of Kuranishi spaces η = (ηik) : h⇒ h˜ satisfying
ηik ⊙Θijk = Θ˜ijk : gjk ◦ f ij ⇒ h˜ik for all i ∈ I, j ∈ J, k ∈ K.
(c) If X = Y and f = idY in (a), so that I = J, then a possible choice for h,Θijk
in (a) is h = g and Θijk = G
k
ij.
Similarly, if Z = Y and g = idY in (a), so that K = J, then a possible choice
for h,Θijk in (a) is h = f and Θijk = F
jk
i .
Proposition 4.5(a) gives possible values h for the composition g ◦ f : X → Z.
Since there is no distinguished choice, we choose g ◦ f arbitrarily.
Definition 4.6. For all pairs of 1-morphisms of Kuranishi spaces f : X → Y
and g : Y → Z, use the Axiom of Global Choice (a strong form of the Axiom of
Choice working for classes as well as sets, see Shulman [49, §7] or Herrlick and
Strecker [22, §1.2]) to choose possible values of h : X → Z and Θijk in Proposition
4.5(a), and write g ◦ f = h, and for i ∈ I, j ∈ J , k ∈ K
Θg,fijk = Θijk : gjk ◦ f ij =⇒ (g ◦ f )ik.
We call g ◦ f the composition of 1-morphisms of Kuranishi spaces.
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For general f , g we make these choices arbitrarily. However, if X = Y and
f = idY then we choose g ◦ idY = g and Θ
g,idY
jj′k = G
k
jj′ , and if Z = Y and
g = idY then we choose idY ◦ f = f and Θ
idY ,f
ijj′ = F
jj′
i . This is allowed by
Proposition 4.5(c).
The definition of a weak 2-category in §A.1 includes 2-isomorphisms βf : f ◦
idX ⇒ f and γf : idY ◦ f ⇒ f in (A.7), since one does not require f ◦ idX = f
and idY ◦ f = f in a general weak 2-category. We define
βf = idf : f ◦ idX =⇒ f , γf = idf : idY ◦ f =⇒ f .
Since composition of 1-morphisms g ◦ f is natural only up to canonical 2-
isomorphism, as in Proposition 4.5(b), composition is associative only up to canon-
ical 2-isomorphism. The next proposition comes from [35, §4.3], [36, §6.2].
Proposition 4.7. Let e : W → X, f : X → Y , g : Y → Z be 1-morphisms of
Kuranishi spaces, and define composition of 1-morphisms as in Definition 4.6.
Then using notation (4.1)–(4.4), there is a unique 2-morphism
αg,f ,e : (g ◦ f ) ◦ e =⇒ g ◦ (f ◦ e)
with the property that for all h ∈ H, i ∈ I, j ∈ J and k ∈ K we have
(αg,f ,e)hk ⊙Θ
g◦f ,e
hik ⊙ (Θ
g,f
ijk ∗ idehi) = Θ
g,f◦e
hjk ⊙ (idgjk ∗Θ
f ,e
hij )⊙αgjk,fij ,ehi .
We define vertical and horizontal composition of 2-morphisms:
Definition 4.8. Let f , g,h : X → Y be 1-morphisms of Kuranishi spaces, using
notation (4.2)–(4.3), and η = (ηij) : f ⇒ g, ζ = (ζij) : g ⇒ h be 2-morphisms. De-
fine a 2-morphism of Kuranishi spaces ζ⊙η : f ⇒ h called the vertical composition
of 2-morphisms by
ζ ⊙ η =
(
ζij ⊙ ηij , i ∈ I, j ∈ J
)
.
Next let e,f : X → Y and g,h : Y → Z be 1-morphisms of Kuranishi spaces, us-
ing notation (4.2)–(4.4), and η = (ηij) : e⇒ f , ζ = (ζjk) : g ⇒ h be 2-morphisms.
As in [35, §4.3], [36, §6.2], using the stack property Theorem 3.14(b) we can show
that there is a unique 2-morphism of Kuranishi spaces ζ∗η : g◦e⇒ h◦f called the
horizontal composition of 2-morphisms, such that for all i ∈ I, j ∈ J and k ∈ K
we have
(ζ ∗ η)ik ⊙Θ
g,e
ijk = Θ
h,f
ijk ⊙ (ζjk ∗ ηij).
We have now defined all the structures of a weak 2-category of Kuranishi spaces
Kur. As in [35, §4.3], [36, §6.2], the 2-category axioms are satisfied.
Theorem 4.9. The definitions and propositions above define the weak 2-category
of Kuranishi spaces Kur.
4.3. Manifolds, orbifolds, and m-Kuranishi spaces. By imposing conditions
on the Kuranishi neighbourhoods (Vi, Ei,Γi, si, ψi) on objects X in Kur, we can
define interesting 2-subcategories of Kur:
• There is a full and faithful (2-)functor FKur
Man
: Man → Kur which iden-
tifies Man with the full 2-subcategory of objects X = (X,K) in Kur
in which K has indexing set I = {0}, and one Kuranishi neighbourhood
(V0, E0,Γ0, s0, ψ0) with E0 the zero vector bundle and Γ0 = {1}.
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• The full 2-subcategory OrbKur of X = (X,K) in Kur for which Ei is the
zero vector bundle for all Kuranishi neighbourhoods (Vi, Ei,Γi, si, ψi) in K
is equivalent as a 2-category to the 2-category of orbifolds Orb.
• Write mKur ⊂ Kur for the full 2-subcategory of X ∈ Kur for which
Γi = {1} for all Kuranishi neighbourhoods (Vi, Ei,Γi, si, ψi) in K. We call
such X m-Kuranishi spaces, where ‘m-’ is short for ‘manifold’. They are a
kind of derived manifold, in the sense of [32–34], just as Kuranishi spaces
are a kind of derived orbifold.
• The full 2-subcategory of X = (X,K) in Kur with only one Kuranishi
neighbourhood (Vi, Ei,Γi, si, ψi) in K, so that |I| = 1, is equivalent to the
2-category of global Kuranishi neighbourhoods GKN from Theorem 3.10.
We discuss the first three in more detail. Weak 2-functors are defined in §A.2.
Definition 4.10. We will define a weak 2-functor FKur
Man
: Man→ Kur. If X is a
manifold, define a Kuranishi space FKur
Man
(X) =X = (X,K) with topological space
X and Kuranishi structure K =
(
{0}, (V0, E0,Γ0, s0, ψ0),Φ00,Λ000
)
, with indexing
set I = {0}, one Kuranishi neighbourhood (V0, E0,Γ0, s0, ψ0) with V0 = X , E0 →
V0 the zero vector bundle, Γ0 = {1}, s0 = 0, and ψ0 = idX , one coordinate change
Φ00 = id(V0,E0,Γ0,s0,ψ0), and one 2-morphism Λ000 = idΦ00 .
On (1-)morphisms, if f : X → Y is a smooth map of manifolds and X =
FKur
Man
(X), Y = FKur
Man
(Y ), define a 1-morphism FKur
Man
(f) = f : X → Y by f =
(f,f00,F
0
00,F
00
0 ), where f00 = (P00, π00, f00, fˆ00) with P00 = X , π00 = idX ,
f00 = f , and fˆ00 is the zero map on zero vector bundles, and F
0
00 = F
00
0 = idf00 .
On 2-morphisms, regarding Man as a 2-category, the only 2-morphisms are
identity morphisms idf : f ⇒ f for (1-)morphisms f : X → Y in Man. We de-
fine FKur
Man
(idf ) = idFKur
Man
(f).
If f : X → Y , g : Y → Z are (1-)morphisms in Man, there is a unique 2-
morphism in Kur
(FKur
Man
)g,f : F
Kur
Man
(g) ◦ FKur
Man
(f) =⇒ FKur
Man
(g ◦ f).
For any object X in Man, define
(FKurMan)X := ididX : F
Kur
Man(idX) = idX =⇒ idX = idFKur
Man
(X).
As in [35, §4.3], this defines a full and faithful weak 2-functor FKur
Man
: Man→ Kur.
Thus we can regard manifolds X as special examples of Kuranishi spaces.
We say that a Kuranishi space X is a manifold if X ≃ FKur
Man
(X ′) in Kur, for
some manifold X ′.
The next remark reviews different definitions of orbifolds in the literature.
Remark 4.11. Orbifolds are generalizations of manifolds locally modelled on
Rn/G, for G a finite group acting linearly on Rn. They were introduced by Sa-
take [48], who called them ‘V-manifolds’. Later they were studied by Thurston [51,
Ch. 13] who gave them the name ‘orbifold’.
As for Kuranishi spaces, defining orbifolds X,Y and smooth maps f : X→ Y was
initially problematic, and early definitions of ordinary categories of orbifolds [48,51]
had some bad differential-geometric behaviour (e.g. for some definitions, one cannot
define pullbacks f∗(E) of orbifold vector bundles E→ Y). It is now generally agreed
that it is best to define orbifolds to be a 2-category. See Lerman [38] for a good
overview of ways to define orbifolds.
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There are three main definitions of ordinary categories of orbifolds:
(a) Satake [48] and Thurston [51] defined an orbifold X to be a Hausdorff
topological space X with an atlas
{
(Vi,Γi, ψi) : i ∈ I
}
of orbifold charts
(Vi,Γi, ψi), where Vi is a manifold, Γi a finite group acting smoothly (and
locally effectively) on Vi, and ψi : Vi/Γi → X a homeomorphism with an
open set in X , and pairs of charts (Vi,Γi, φi), (Vj ,Γj , φj) satisfy compati-
bility conditions on their overlaps in X . Smooth maps f : X → Y between
orbifolds are continuous maps f : X → Y of the underlying spaces, which
lift locally to smooth maps on the charts, giving a category OrbST.
(b) Chen and Ruan [7, §4] defined orbifolds X in a similar way to [48, 51], but
using germs of orbifold charts (Vp,Γp, ψp) for p ∈ X . Their morphisms
f : X→ Y are called good maps, giving a category OrbCR.
(c) Moerdijk and Pronk [45,46] defined a category of orbifoldsOrbMP as proper
e´tale Lie groupoids in Man. Their definition of smooth map f : X → Y,
called strong maps [46, §5], is complicated: it is an equivalence class of dia-
grams X
φ
←−X′
ψ
−→Y, where X′ is a third orbifold, and φ, ψ are morphisms
of groupoids with φ an equivalence (loosely, a diffeomorphism).
A book on orbifolds in the sense of [7, 45, 46] is Adem, Leida and Ruan [1].
There are four main definitions of 2-categories of orbifolds:
(i) Pronk [47] defines a strict 2-category LieGpd of Lie groupoids in Man as
in (c), with the obvious 1-morphisms of groupoids, and localizes by a class
of weak equivalences W to get a weak 2-category OrbPr = LieGpd[W
−1].
(ii) Lerman [38, §3.3] defines a weak 2-categoryOrbLe of Lie groupoids inMan
as in (c), with a non-obvious notion of 1-morphism called ‘Hilsum–Skandalis
morphisms’ involving ‘bibundles’, and does not need to localize.
Henriques and Metzler [21] also use Hilsum–Skandalis morphisms.
(iii) Behrend and Xu [3, §2], Lerman [38, §4] and Metzler [44, §3.5] define a
strict 2-category of orbifolds OrbManSta as a class of Deligne–Mumford
stacks on the site (Man,JMan) of manifolds with Grothendieck topology
JMan coming from open covers.
(iv) The author [31] defines a strict 2-category of orbifolds OrbC∞Sta as a class
of Deligne–Mumford stacks on the site (C∞Sch,JC∞Sch) of C∞-schemes.
As in Behrend and Xu [3, §2.6], Lerman [38], Pronk [47], and the author [31,
Th. 9.26], approaches (i)–(iv) give equivalent weak 2-categories OrbPr,OrbLe,
OrbManSta,OrbC∞Sta. As they are equivalent, the differences between them are
not of mathematical importance, but more a matter of convenience or taste. Prop-
erties of localization also imply that OrbMP ≃ Ho(OrbPr). Thus, all of (c) and
(i)–(iv) are equivalent at the level of homotopy categories.
We now give a fifth definition of a weak 2-category of orbifolds.
Definition 4.12. Define the weak 2-category OrbKur ⊂ Kur of Kuranishi orb-
ifolds, or just orbifolds, to be the full 2-subcategory ofX = (X,K) inKur for which
Ei is the zero vector bundle for all Kuranishi neighbourhoods (Vi, Ei,Γi, si, ψi) in K.
This allows us to simplify the notation a lot. Equations in §3.1 involving error
terms O
(
π∗ij(si)
)
or O
(
π∗ij(si)
2
)
become exact, as si = 0. As Ei, si are zero we
can take ‘orbifold charts’ to be (Vi,Γi, ψi). As φˆij = 0 we can take coordinate
changes to be Φij = (Pij , πij , φij), and we can also take Vij = πij(Pij) to be equal
to ψ¯−1i (S), rather than just an open neighbourhood of ψ¯
−1
i (S) in Vi, since ψ¯
−1
i (S)
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is open in Vi when si = 0. For 2-morphisms Λij = [P˙ij , λij , λˆij ] : Φij ⇒ Φ′ij in §3.1,
we have λˆij = 0, and we are forced to take P˙ij = Pij , and the equivalence relation
≈ in Definition 3.5 becomes trivial, so we can take 2-morphisms to be just λij .
We say that a Kuranishi spaceX is an orbifold ifX ≃X ′ inKur for someX ′ ∈
OrbKur ⊂ Kur.
The next theorem is proved in [35, §4.5], [36, §6.6], by giving a full and faithful
embedding OrbKur →֒ OrbLe, and showing it is surjective on equivalence classes.
Theorem 4.13. The weak 2-category of Kuranishi orbifolds OrbKur above is
equivalent to the 2-categories of orbifolds OrbPr,OrbLe,OrbManSta,OrbC∞Sta in
[3,31,38,44,47] described in Remark 4.11. Also there is an equivalence of categories
Ho(OrbKur) ≃ OrbMP, for OrbMP the category of orbifolds from Moerdijk and
Pronk [45, 46].
Fukaya et al. [13, §9] and McDuff [40] also define (effective) orbifolds as special
examples of FOOO Kuranishi spaces and MW Kuranishi atlases.
Definition 4.14. As in [35, §4.7], [36, Ch. 4 & §6.2], define the weak 2-category
mKur ⊂ Kur of m-Kuranishi spaces to be the full 2-subcategory of X = (X,K)
in Kur for which Γi = {1} for all Kuranishi neighbourhoods (Vi, Ei,Γi, si, ψi) in K.
As in Definition 4.12, this allows us to simplify the notation a lot. We take ‘m-
Kuranishi neighbourhoods’ to be (Vi, Ei, si, ψi) rather than (Vi, Ei,Γi, si, ψi). In
coordinate changes, πij : Pij → Vij in §3.1 is a diffeomorphism, since it is a principal
Γj-bundle for Γj = {1}, so we can replace Pij by Vij and take coordinate changes
to be (Vij , φij , φˆij), and 2-morphisms to be [V˙ij , λˆij ] for open V˙ij ⊆ Vij ⊆ Vi. The
m-Kuranishi space analogues mKNS(X),GmKN of KNS(X),GKN in §3.1 are
then strict 2-categories, as the canonical identification λijkl in (3.3) is replaced by
the identity map.
4.4. Relation to FOOO, MW, DY, polyfolds, and d-orbifolds. The next
four theorems are proved in [35, §4.8], [36, Ch. 7]. Theorem 4.18 is a corollary of
Theorem 4.17 and Theorem 2.17 from Yang [53, Th. 3.1.7].
Theorem 4.15. Suppose X = (X,K) is a FOOO Kuranishi space without bound-
ary, as in Definition 2.4. Then we can construct a Kuranishi space X ′ = (X,K′)
in the sense of §4.1 with vdimX ′ = vdimX, with the same compact topological
space X, and X ′ is natural up to equivalence in the 2-category Kur.
Theorem 4.16. Suppose X is a compact, metrizable topological space with an MW
weak Kuranishi atlas K without boundary, of virtual dimension n ∈ Z, in the sense
of Definition 2.12. Then we can make X into a Kuranishi space X ′ = (X,K′)
in the sense of §4.1 with vdimX ′ = n, and X ′ is natural up to equivalence in
the 2-category Kur. Commensurate MW weak Kuranishi atlases K, K˜ on X yield
equivalent Kuranishi spaces X ′, X˜ ′.
Theorem 4.17. Suppose X is a compact, metrizable topological space with a DY
Kuranishi structure K without boundary in the sense of Definition 2.15. Then we
can construct a Kuranishi space X ′ = (X,K′) in the sense of §4.1 with vdimX ′ =
vdimX, with the same topological space X, and X ′ is natural up to equivalence
in the 2-category Kur. R-equivalent DY Kuranishi structures K, K˜ on X yield
equivalent Kuranishi spaces X ′, X˜ ′.
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Theorem 4.18. Suppose we are given a ‘polyfold Fredholm structure’ P on a
compact metrizable topological space X in the sense of [23–30], that is, we write X
as the zeroes of an sc-Fredholm section s : V→ E of a strong polyfold vector bundle
E→ V over a polyfold V, where s has constant Fredholm index n ∈ Z. Then we can
make X into a Kuranishi space X = (X,K) in the sense of §4.1 with vdimX = n,
and X is natural up to equivalence in the 2-category Kur.
The constructions of Theorems 4.15–4.18 are compatible with other geometric
structures. In particular, orientations on FOOO Kuranishi spaces or MW weak
Kuranishi atlases or polyfold Fredholm structures correspond canonically to orien-
tations on the corresponding Kuranishi spaces X ′. Also smooth maps f : X → Y
from a FOOO Kuranishi space X to a manifold Y correspond to 1-morphisms
f ′ : X ′ → Y in Kur, uniquely up to 2-isomorphism. Theorems 4.15–4.18 have
applications to symplectic geometry.
The next theorem will be proved in [36, Ch. 8].
Theorem 4.19. There are equivalences of weak 2-categories
mKur ≃ dMan and Kur ≃ dOrb,
where dMan,dOrb are the strict 2-categories of ‘d-manifolds’ and ‘d-orbifolds’,
as in the author [32–34] and §3.6.
Thus, m-Kuranishi spaces and d-manifolds, and Kuranishi spaces and d-orbifolds,
are for most purposes interchangeable.
To understand the relationship between Kuranishi spaces and d-orbifolds, con-
sider the two equivalent ways of defining ordinary manifolds:
(a) As a Hausdorff, second countable topological space X equipped with an
atlas of charts
{
(Vi, φi) : i ∈ I
}
; or
(b) As a Hausdorff, second countable topological space X equipped with a
sheaf of R-algebras OC
∞
X which is embedded as a subsheaf O
C∞
X ⊂ O
C0
X of
the sheaf OC
0
X of continuous functions f : X → R, such that (X,O
C∞
X ) is
locally modelled on (Rn,OC
∞
Rn ), where O
C∞
Rn is the sheaf of smooth func-
tions f : Rn → R.
If we try to define ‘derived manifolds’ and ‘derived orbifolds’ by generalizing defi-
nition (a), we end up with (m-)Kuranishi spaces (or something similar); if we try
to do it by generalizing definition (b), we end up with d-manifolds and d-orbifolds
(or something similar).
Kuranishi spaces are more convenient than d-orbifolds if we wish to define ‘de-
rived’ versions of categories of ‘manifolds’ which are not ordinary smooth manifolds,
for instance, manifolds with corners of various kinds, or some classes of singular
manifolds. This is because in the Kuranishi neighbourhoods (Vi, Ei,Γi, si, ψi) on
a Kuranishi space X, it is easy to take Vi to be some different kind of ‘manifold’,
but smooth manifolds are built into the theory of d-manifolds and d-orbifolds at a
deep level, in the notion of C∞-ring.
5. Differential geometry of Kuranishi spaces
5.1. Isotropy groups, and tangent and obstruction spaces. The next defi-
nition is taken from [35, §4.6], [36, §6.5].
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Definition 5.1. Let X = (X,K) be a Kuranishi space, with K =
(
I, (Vi, Ei,Γi,
si, ψi)i∈I , Φij, i,j∈I , Λijk, i,j,k∈I
)
, and let x ∈ X. Choose an arbitrary i ∈ I with
x ∈ Imψi, and choose vi ∈ s
−1
i (0) ⊆ Vi with ψ¯i(vi) = x.
Define a finite group GxX called the isotropy group of X at x by
GxX =
{
γ ∈ Γi : γ · vi = vi
}
= StabΓi(vi), (5.1)
as a subgroup of Γi. Define finite-dimensional real vector spaces TxX, the tangent
space of X at x, and OxX, the obstruction space of X at x, to be the kernel and
cokernel of dsi|vi , so that they fit into an exact sequence
0 // TxX // TviVi
dsi|vi // Ei|vi // OxX // 0.
The actions of Γi on Vi, Ei induce linear actions of GxX on TxX, OxX, by the
commutative diagram for each γ ∈ GxX:
0 // TxX //
γ·

TviVi dsi|vi
//
d(γ·)

Ei|vi
γ·

// OxX
γ·

// 0
0 // TxX // TviVi
dsi|vi // Ei|vi // OxX // 0.
This makes TxX, OxX into representations of GxX. Definition 4.1(b) yields
dimTxX − dimOxX = vdimX.
The triple (GxX, TxX, OxX) depends on the choice of i, vi. In [35, §4.6] and [36,
§6.5] we show two choices i, vi and i′, v′i′ yield triples (GxX, TxX, OxX), (GxX
′,
TxX
′, OxX
′) which have a finite, nonempty class of natural isomorphisms. Two
such isomorphisms (GxX, TxX, OxX)→ (G′xX, T
′
xX, O
′
xX) differ by conjugation
by an element of G′xX, and behave as expected under composition.
We discuss functoriality of the GxX, TxX, OxX under 1- and 2-morphisms:
Definition 5.2. Let f : X → Y be a 1-morphism of Kuranishi spaces, with no-
tation (4.2)–(4.3), and let x ∈ X with f (x) = y ∈ Y . Then Definition 5.1
gives GxX, TxX, OxX, defined using i ∈ I and ui ∈ Ui with χ¯i(ui) = x, and
GyY , TyY , OyY , defined using j ∈ J and vj ∈ Vj with χ¯j(vj) = y. In f we have a
1-morphism f ij = (Pij , πij , fij , fˆij) over f . Define
Sx,f =
{
p ∈ Pij : πij(p) = ui, fij(p) = vj
}
.
Then Sx,f is invariant under the commuting actions of GxX = StabBi(ui) ⊆ Bi
and GyY = StabΓj (vj) ⊆ Γj on Pij induced by the Bi,Γj-actions on Pij , where
GyY acts freely and transitively on Sx,f , but the action of GxX need not be free or
transitive. Choose an arbitrary point p0 ∈ Sx,f . Our definitions of Gxf , Txf , Oxf
will depend on this choice.
Define morphisms Gxf : GxX → GyY , Txf : TxX → TyY , Oxf : OxX → OyY
by Gxf(γ) = γ
′ if γ · p0 = (γ′)−1 · p0 in Sx,f , using the actions of GxX, GyY on
Sx,f with GyY free and transitive, and the commutative diagram
0 // TxX //
Txf

TuiUi dri|ui
//
dfij |p0◦(dπij |p0)
−1

Di|ui
fˆij |p0

// OxX
Oxf

// 0
0 // TyY // TvjVj
dsj |vj
// Ej |vj // OyY // 0.
Then Txf , Oxf are Gxf -equivariant linear maps.
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If p′0 ∈ Sx,f is an alternative choice for p0, yielding G
′
xf , T
′
xf , O
′
xf , there is a
unique δ ∈ GyY with δ · p0 = p′0, and then G
′
xf(γ) = δ(Gxf (γ))δ
−1, T ′xf (v) =
δ · Txf (v), O′xf(w) = δ · Oxf(w) for all γ ∈ GxX, v ∈ TxX, and w ∈ OxX. That
is, the triple (Gxf , Txf , Oxf) is canonical up to conjugation by an element of GyY .
Continuing with the same notation, suppose g : X → Y is another 1-morphism
and η : f ⇒ g a 2-morphism in Kur. Then above we define Gxg, Txg, Oxg by
choosing an arbitrary point q0 ∈ Sx,g, where
Sx,g =
{
q ∈ Qij : πij(q) = ui, gij(q) = vj
}
,
with gij = (Qij , πij , gij , gˆij) in g. In η we have ηij = [P˙ij , λij , λˆij ] represented by
(P˙ij , λij , λˆij), where P˙ij ⊆ Pij and λij : P˙ij → Qij . From the definitions we find
that Sx,f ⊆ P˙ij , and λij |Sx,f : Sx,f → Sx,g is a bijection. Since GyY acts freely and
transitively on Sx,g, there is a unique element Gxη ∈ GyY with Gxη ·λij(p0) = q0.
Then we have
Gxg(γ) = (Gxη)(Gxf (γ))(Gxη)
−1, Txg(v) = Gxη · Txf(v), and
Oxg(w) = Gxη ·Oxf (w) for all γ ∈ GxX, v ∈ TxX, and w ∈ OxX.
That is, (Gxg, Txg, Oxg) is conjugate to (Gxf , Txf , Oxf) under Gxη ∈ GyY , the
same indeterminacy as in the definition of (Gxf , Txf , Oxf ).
Suppose instead that g : Y → Z is another 1-morphism of Kuranishi spaces and
g(y) = z ∈ Z. Then in a similar way we can show there is a canonical element
Gx,g,f ∈ GzZ such that for all γ ∈ GxX, v ∈ TxX, w ∈ OxX we have
Gx(g ◦ f )(γ) = (Gx,g,f )((Gyg ◦Gxf)(γ))(Gx,g,f )
−1,
Tx(g ◦ f)(v) = Gx,g,f · (Tyg ◦ Txf)(v),
Ox(g ◦ f )(w) = Gx,g,f · (Oyg ◦Oxf )(w).
That is, (Gx(g ◦ f), Tx(g ◦ f), Ox(g ◦ f)) is conjugate to (Gyg, Tyg, Oyg) ◦ (Gxf ,
Txf , Oxf ) under Gx,g,f ∈ GzZ.
Since 2-morphisms η : f ⇒ g relate triples (Gxf , Txf , Oxf) and (Gxg, Txg,
Oxg) by isomorphisms, if f : X → Y is an equivalence in Kur then Gxf , Txf , Oxf
are isomorphisms for all x ∈ X.
We could use the Axiom of (Global) Choice to choose particular values of
GxX, TxX, OxX, Gxf , Txf , Oxf , Gxη in Definitions 5.1–5.2 for all X, x,f ,η, but
there seems no need for this. All the definitions we give using GxX, . . . , Gxη will
be independent of the arbitrary choices involved.
The next theorem is proved in [36, §10.4 & §10.5].
Theorem 5.3. (a) A Kuranishi space X is a manifold, in the sense of Definition
4.10, if and only if GxX = {1} and OxX = 0 for all x ∈X.
(b) A Kuranishi space X is an orbifold, in the sense of Definition 4.12, if and only
if OxX = 0 for all x ∈ X.
(c) A 1-morphism f : X → Y in Kur is an equivalence in Kur if and only if
Gxf : GxX → Gf(x)Y , Txf : TxX → Tf(x)Y and Oxf : OxX → Of(x)Y are iso-
morphisms for all x ∈ X, and f : X → Y is a bijection.
Definition 5.4. Write KurtrG ⊂ Kur for the full 2-subcategory of Kuranishi
spaces X with GxX = {1} for all x ∈ X. Note that the 2-subcategory mKur ⊂
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Kur in §4.3 has mKur ⊂ KurtrG, since if X = (X,K) ∈ mKur then the Ku-
ranishi neighbourhoods (Vi, Ei,Γi, si, ψi) in K have Γi = {1}, which implies that
GxX = {1} as GxX ⊆ Γi by (5.1).
The next theorem is proved in [35, §4.7] and [36, §6.5].
Theorem 5.5. The inclusion mKur →֒ KurtrG is an equivalence of weak 2-
categories.
Combined with Theorem 4.19 this gives an equivalence KurtrG ≃ dMan of
weak 2-categories. That is, dMan,mKur,KurtrG are 2-categories of ‘derived
manifolds’, and the theorems say that they are all essentially the same. The moral
is that a derived orbifold (Kuranishi space) X is a derived manifold if and only if
the isotropy groups GxX for x ∈ X are all trivial.
5.2. W-transverse morphisms and fibre products. Smooth maps of manifolds
g : X → Z and h : Y → Z are called transverse if Txg⊕ Tyh : TxX ⊕ TyY → TzZ is
surjective for all x ∈ X and y ∈ Y with g(x) = h(y) = z ∈ Z. It is well known that
if g, h are transverse then the fibre product W = X ×g,Z,h Y exists in the category
Man, in the sense of category theory, with dimW = dimX + dim Y − dimZ.
We now explain the analogue of this for Kuranishi spaces. We define two notions
of transverse 1-morphisms in Kur, a weak and a strong:
Definition 5.6. Let g : X → Z and h : Y → Z be 1-morphisms of Kuranishi
spaces. Call g,h w-transverse if for all x ∈ X, y ∈ Y with g(x) = h(y) = z in Z,
and all γ ∈ GzZ, then Oxg ⊕ (γ ·Oyh) : OxX ⊕OyY → OzZ is surjective.
We call g,h transverse if for all x ∈ X, y ∈ Y with g(x) = h(y) = z ∈ Z,
and all γ ∈ GzZ, then Txg ⊕ (γ · Tyh) : TxX ⊕ TyY → TzZ is surjective, and
Oxg ⊕ (γ ·Oyh) : OxX ⊕OyY → OzZ is an isomorphism.
The next theorem is proved in [36, Ch. 11].
Theorem 5.7. Suppose g : X → Z, h : Y → Z are w-transverse 1-morphisms of
Kuranishi spaces. Then the fibre product W =X ×g,Z,h Y exists in the 2-category
Kur, with vdimW = vdimX + vdimY − vdimZ. It is unique up to canonical
equivalence in Kur.
This W is an orbifold if and only if g,h are transverse.
The topological space W of W is given as a set by
W =
{
(x, y, C) : x ∈ X, y ∈ Y, g(x) = h(y) = z ∈ Z,
C ∈ Gxg(GxX)\GzZ/Gyh(GyY )
}
.
For (x, y, C) ∈ W with γ ∈ C ⊆ GzZ, there is an exact sequence
0 // T(x,y,C)W // TxX ⊕ TyY
Txg⊕(γ·Tyh)
// TzZ

0 OzZoo OxX ⊕ OyY
Oxg⊕(γ·Oyh)oo O(x,y,C)W.oo
(5.2)
Here fibre products in 2-categories are explained in §A.3. They are characterized
by a universal property involving 2-morphisms. In Theorem 5.7, it is essential
that Kuranishi spaces Kur are a 2-category. The W described in Theorem 5.7
generally does not satisfy a universal property in the homotopy category Ho(Kur),
and is not a fibre product in Ho(Kur) in the category-theoretic sense. This is an
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important reason for making Kuranishi spaces into a 2-category rather than an
ordinary category.
Note that w-transversality is equivalent to exactness of (5.2) at OzZ, and ex-
actness of the rest of (5.2) determines T(x,y,C)W, O(x,y,C)W up to isomorphism.
Transversality is equivalent to (5.2) being exact from TzZ onwards with O(x,y,C)W
= 0, so the claim that W is an orbifold if and only if g,h are transverse follows
from Theorem 5.3(b).
If g : X → Z and h : Y → Z are 1-morphisms in Kur with Z a manifold or
orbifold then OzZ = 0 for all z ∈ Z by Theorem 5.3, so g,h are w-transverse by
Definition 5.6, and Theorem 5.7 yields:
Corollary 5.8. Suppose g : X → Z, h : Y → Z are 1-morphisms of Kuranishi
spaces, with Z a manifold or orbifold. Then the fibre product W = X ×g,Z,h Y
exists in Kur, with vdimW = vdimX + vdimY − dimZ.
In symplectic geometry it is often important to consider fibre products of Ku-
ranishi spaces over manifolds or orbifolds, so Corollary 5.8 is very useful.
Example 5.9. If X,Y are Kuranishi spaces, and Z = ∗ is the point in Kur,
then X ×∗ Y is the product X × Y , with vdim(X × Y ) = vdimX + vdimY .
We can define a model for products of Kuranishi spaces explicitly: if X = (X, I),
Y = (Y,J ) with notation (4.2)–(4.3), then we may write X × Y = (X × Y,K),
where K has indexing set I × J and Kuranishi neighbourhoods
(W(i,j), F(i,j),∆(i,j), t(i,j), ω(i,j)) =
(
Ui × Vj , π
∗
Ui(Di)⊕ π
∗
Vj (Ej),Bi × Γj , π
∗
Ui(ri)⊕ π
∗
Vj (sj), χi × ψj
)
.
The remaining data in K is also easy to write down explicitly.
5.3. Submersions and w-submersions. A smooth map of manifolds f : X → Y
is called a submersion if Txf : TxX → TyY is surjective for all x ∈ X with f(x) =
y ∈ Y . If g : X → Z and h : Y → Z are smooth with g a submersion then g, h are
transverse, so the fibre product X ×g,Z,h Y exists in Man. Here is the analogue
of this for Kuranishi spaces. We define two notions of submersion in Kur, a weak
and a strong.
Definition 5.10. A 1-morphism of Kuranishi spaces f : X → Y is called a weak
submersion, or w-submersion, if Oxf : OxX → Of(x)Y is surjective for all x ∈ X.
It is called a submersion if Txf : TxX → Tf(x)Y is surjective and Oxf : OxX →
Of(x)Y is an isomorphism for all x ∈ X. If Y is a manifold or orbifold then any
1-morphism f : X → Y is a w-submersion.
If g : X → Z and h : Y → Z are 1-morphisms in Kur with g a w-submersion
then g,h are w-transverse. If g is a submersion and Y is an orbifold then g,h are
transverse. Thus Theorem 5.7 implies:
Corollary 5.11. Suppose g : X → Z, h : Y → Z are 1-morphisms in Kur with
g a w-submersion. Then the fibre product W = X ×g,Z,h Y exists in Kur,
with vdimW = vdimX + vdimY − vdimZ.
If g is a submersion and Y is an orbifold, then W is an orbifold.
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Appendix A. Background from Category Theory and Algebraic
Geometry
Sections A.1–A.3 discuss 2-categories, and §A.4 defines sheaves and stacks on
topological spaces.
A.1. Basics of 2-categories. We discuss 2-categories, both strict and weak. Some
references are Borceux [4, §7], Kelly and Street [37], and Behrend et al. [2, App. B].
Definition A.1. A strict 2-category C consists of a class of objects Obj(C), for all
X,Y ∈ Obj(C) an essentially small category Hom(X,Y ), for all X,Y, Z in Obj(C)
a functor µX,Y,Z : Hom(X,Y )×Hom(Y, Z)→ Hom(X,Z) called composition, and
for all X in Obj(C) an object idX in Hom(X,X) called the identity 1-morphism.
These must satisfy the associativity property, that
µW,Y,Z ◦ (µW,X,Y × idHom(Y,Z)) = µW,X,Z ◦ (idHom(W,X) × µX,Y,Z) (A.1)
as functors Hom(W,X)×Hom(X,Y )×Hom(Y, Z)→ Hom(W,X), and the identity
property, that
µX,X,Y (idX ,−) = µX,Y,Y (−, idY ) = idHom(X,Y ) (A.2)
as functors Hom(X,Y )→ Hom(X,Y ).
Objects f of Hom(X,Y ) are called 1-morphisms, written f : X → Y . For 1-
morphisms f, g : X → Y , morphisms η ∈ HomHom(X,Y )(f, g) are called 2-morph-
isms, written η : f ⇒ g. Thus, a 2-category has objects X , and two kinds of
morphisms: 1-morphisms f : X → Y between objects, and 2-morphisms η : f ⇒ g
between 1-morphisms.
A weak 2-category, or bicategory, is like a strict 2-category, except that the
equations of functors (A.1), (A.2) are required to hold only up to specified natural
isomorphisms. That is, a weak 2-category C consists of data Obj(C),Hom(X,Y ),
µX,Y,Z , idX as above, but in place of (A.1), a natural isomorphism of functors
α : µW,Y,Z ◦ (µW,X,Y × idHom(Y,Z)) =⇒ µW,X,Z ◦ (idHom(W,X) × µX,Y,Z), (A.3)
and in place of (A.2), natural isomorphisms
β : µX,X,Y (idX ,−) =⇒ idHom(X,Y ), γ : µX,Y,Y (−, idY ) =⇒ idHom(X,Y ). (A.4)
These α, β, γ must satisfy identities which we give below in (A.6) and (A.8).
A strict 2-category C can be regarded as an example of a weak 2-category, in
which the natural isomorphisms α, β, γ in (A.3)–(A.4) are the identities.
We now unpack Definition A.1, making it more explicit.
There are three kinds of composition in a 2-category, satisfying various associa-
tivity relations. If f : X → Y and g : Y → Z are 1-morphisms then µX,Y,Z(f, g)
is the composition of 1-morphisms, written g ◦ f : X → Z. If f, g, h : X → Y
are 1-morphisms and η : f ⇒ g, ζ : g ⇒ h are 2-morphisms then composition of
η, ζ in Hom(X,Y ) gives the vertical composition of 2-morphisms of η, ζ, written
ζ ⊙ η : f ⇒ h, as a diagram
X
f
""
✤✤ ✤✤
 η
<<
h
✤✤ ✤✤
 ζ
g
// Y ///o/o/o X
f
))
h
55
✤✤ ✤✤
 ζ⊙η Y.
Vertical composition is associative.
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If f, f˙ : X → Y and g, g˙ : Y → Z are 1-morphisms and η : f ⇒ f˙ , ζ : g ⇒ g˙
are 2-morphisms then µX,Y,Z(η, ζ) is the horizontal composition of 2-morphisms,
written ζ ∗ η : g ◦ f ⇒ g˙ ◦ f˙ , as a diagram
X
f
((
f˙
66
✤✤ ✤✤
 η Y
g
((
g˙
66
✤✤ ✤✤
 ζ Z
///o/o X
g◦f
((
g˙◦f˙
66
✤✤ ✤✤
 ζ∗η Z.
As µX,Y,Z is a functor, these satisfy compatibility of vertical and horizontal compo-
sition: given a diagram of 1- and 2-morphisms
X
f
!!
✤✤ ✤✤
 η
>>
f¨
✤✤ ✤✤
 η˙
f˙
// Y
g
!!
✤✤ ✤✤
 ζ
==
g¨
✤✤ ✤✤
 ζ˙
g˙
// Z,
we have
(ζ˙ ⊙ ζ) ∗ (η˙ ⊙ η) = (ζ˙ ∗ η˙)⊙ (ζ ∗ η) : g ◦ f =⇒ g¨ ◦ f¨ .
There are also two kinds of identity: identity 1-morphisms idX : X → X and
identity 2-morphisms idf : f ⇒ f .
In a strict 2-category C, composition of 1-morphisms is strictly associative, (g ◦
f)◦e = g◦(f ◦e), and horizontal composition of 2-morphisms is strictly associative,
(ζ ∗ η) ∗ ǫ = ζ ∗ (η ∗ ǫ). In a weak 2-category C, composition of 1-morphisms is
associative up to specified 2-isomorphisms. That is, if e : W → X , f : X → Y ,
g : Y → Z are 1-morphisms in C then the natural isomorphism α in (A.3) gives a
2-isomorphism
αg,f,e : (g ◦ f) ◦ e =⇒ g ◦ (f ◦ e). (A.5)
As α is a natural isomorphism, given 1-morphisms e, e˙ : W → X , f, f˙ : X → Y ,
g, g˙ : Y → Z and 2-morphisms ǫ : e ⇒ e˙, η : f ⇒ f˙ , ζ : g ⇒ g˙ in C, the following
diagram of 2-morphisms must commute:
(g ◦ f) ◦ e αg,f,e
+3
(ζ∗η)∗ǫ

g ◦ (f ◦ e)
ζ∗(η∗ǫ)

(g˙ ◦ f˙) ◦ e˙
αg˙,f˙,e˙ +3 g˙ ◦ (f˙ ◦ e˙).
The αg,f,e must satisfy the associativity coherence axiom: if d : V →W is another
1-morphism, then the following diagram of 2-morphisms must commute:
((g ◦ f) ◦ e) ◦ d
αg,f,e∗idd
+3
αg◦f,e,d

(g ◦ (f ◦ e)) ◦ d αg,f◦e,d
+3 g ◦ ((f ◦ e) ◦ d)
idg∗αf,e,d

(g ◦ f) ◦ (e ◦ d)
αg,f,d◦e +3 g ◦ (f ◦ (e ◦ d)).
(A.6)
In a strict 2-category C, given a 1-morphism f : X → Y , the identity 1-morphisms
idX , idY satisfy f ◦ idX = idY ◦ f = f . In a weak 2-category C, the natural
isomorphisms β, γ in (A.4) give 2-isomorphisms
βf : f ◦ idX =⇒ f, γf : idY ◦ f =⇒ f. (A.7)
As β, γ are natural isomorphisms, if η : f ⇒ f˙ is a 2-morphism we must have
η ⊙ βf = βf˙ ⊙ (η ∗ ididX ) : f ◦ idX ⇒ f˙ ,
η ⊙ γf = γf˙ ⊙ (ididY ∗ η) : idY ◦ f ⇒ f˙ .
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The βf , γf must satisfy the identity coherence axiom: if g : Y → Z is another
1-morphism, then the following diagram of 2-morphisms must commute:
(g ◦ idY ) ◦ f βg∗idf
*2❭❭❭❭❭❭❭❭
❭❭❭❭❭❭❭❭❭
❭❭❭
❭❭❭❭❭❭❭❭❭
❭❭❭❭❭❭❭❭❭
❭❭
αg,idY ,f g ◦ f.
g ◦ (idY ◦ f) idg∗αf
,4❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜
❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜
(A.8)
A basic example of a strict 2-category is the 2-category of categories Cat, with
objects small categories C, 1-morphisms functors F : C → D, and 2-morphisms
natural transformations η : F ⇒ G for functors F,G : C → D. Orbifolds naturally
form a 2-category (strict or weak, depending on the definition), as in §4.3, and so
do stacks in algebraic geometry.
In a 2-category C, there are three notions of when objects X,Y in C are ‘the
same’: equality X = Y , and 1-isomorphism, that is we have 1-morphisms f : X →
Y , g : Y → X with g ◦ f = idX and f ◦ g = idY , and equivalence, that is we
have 1-morphisms f : X → Y , g : Y → X and 2-isomorphisms η : g ◦ f ⇒ idX and
ζ : f ◦ g ⇒ idY . Usually equivalence is the correct notion.
When we say that objects X,Y in a 2-category C are canonically equivalent,
we mean that there is a nonempty distinguished class of equivalences f : X → Y
in C, and given any two such equivalences f, g : X → Y there is a 2-isomorphism
η : f ⇒ g. Often there is a distinguished choice of such η.
Commutative diagrams in 2-categories should in general only commute up to
(specified) 2-isomorphisms, rather than strictly. A simple example of a commutative
diagram in a 2-category C is
Y
g
**❚❚❚
❚❚❚
❚❚❚
❚❚
η
X
f
44❥❥❥❥❥❥❥❥❥❥❥
h
// Z,
which means that X,Y, Z are objects of C, f : X → Y , g : Y → Z and h : X → Z
are 1-morphisms in C, and η : g ◦ f ⇒ h is a 2-isomorphism.
Let C be a 2-category. The homotopy category Ho(C) of C is the category whose
objects are objects of C, and whose morphisms [f ] : X → Y are 2-isomorphism
classes [f ] of 1-morphisms f : X → Y in C. Then equivalences in C become isomor-
phisms in Ho(C), 2-commutative diagrams in C become commutative diagrams in
Ho(C), and so on.
A.2. 2-functors between 2-categories. Next we discuss 2-functors between 2-
categories, following Borceux [4, §7.2, §7.5] and Behrend et al. [2, §B.4].
Definition A.2. Let C,D be strict 2-categories. A strict 2-functor F : C → D
assigns an object F (X) in D for each object X in C, a 1-morphism F (f) : F (X)→
F (Y ) in D for each 1-morphism f : X → Y in C, and a 2-morphism F (η) : F (f)⇒
F (g) in D for each 2-morphism η : f ⇒ g in C, such that F preserves all the
structures on C,D, that is,
F (g ◦ f) = F (g) ◦ F (f), F (idX) = idF (X), F (ζ ∗ η) = F (ζ) ∗ F (η), (A.9)
F (ζ ⊙ η) = F (ζ)⊙ F (η), F (idf ) = idF (f). (A.10)
Now let C,D be weak 2-categories. Then strict 2-functors F : C → D are not
well-behaved. To fix this, we need to relax (A.9) to hold only up to specified 2-
isomorphisms. A weak 2-functor (or pseudofunctor) F : C → D assigns an object
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F (X) in D for each object X in C, a 1-morphism F (f) : F (X) → F (Y ) in D for
each 1-morphism f : X → Y in C, a 2-morphism F (η) : F (f)⇒ F (g) in D for each
2-morphism η : f ⇒ g in C, a 2-isomorphism Fg,f : F (g) ◦F (f)⇒ F (g ◦ f) in D for
all 1-morphisms f : X → Y , g : Y → Z in C, and a 2-isomorphism FX : F (idX) ⇒
idF (X) in D for all objects X in C such that (A.10) holds, and for all e : W → X ,
f : X → Y , g : Y → Z in C the following diagram of 2-isomorphisms commutes in
D:
(F (g) ◦ F (f)) ◦ F (e)
αF (g),F (f),F (e)

Fg,f∗idF (e)
+3 F (g ◦ f) ◦ F (e)
Fg◦f,e
+3 F ((g ◦ f) ◦ e)
F (αg,f,e)

F (g) ◦ (F (f) ◦ F (e))
idF (g)∗Ff,e
+3 F (g) ◦ F (f ◦ e)
Fg,f◦e +3 F (g ◦ (f ◦ e)),
and for all 1-morphisms f : X → Y in C, the following commute in D:
F (f) ◦ F (idX)
Ff,idX
+3
idF (f)∗FX

F (f ◦ idX)
F (βf )

F (idY ) ◦ F (f)
FidY ,f
+3
FY ∗idF (f)

F (idY ◦ f)
F (γf )

F (f) ◦ idF (X)
βF (f)
+3 F (f), idF (Y ) ◦ F (f)
γF (f)
+3 F (f),
and if f, f˙ : X → Y and g, g˙ : Y → Z are 1-morphisms and η : f ⇒ f˙ , ζ : g ⇒ g˙ are
2-morphisms in C then the following commutes in D:
F (g) ◦ F (f)
F (ζ)∗F (η)

Fg,f
+3 F (g ◦ f)
F (ζ∗η)

F (g˙) ◦ F (f˙)
F
g˙,f˙ +3 F (g˙ ◦ f˙).
There are obvious notions of composition G ◦ F of strict and weak 2-functors
F : C → D, G : D → E, identity 2-functors idC , and so on.
If C,D are strict 2-categories, then a strict 2-functor F : C → D can be made
into a weak 2-functor by taking all Fg,f , FX to be identity 2-morphisms.
We define a weak 2-functor F : C → D to be an equivalence of weak 2-categories,
if for all objects X,Y in C, the functor FX,Y : HomC(X,Y )→ HomD(F (X), F (Y ))
is an equivalence of categories, and the map induced by F from equivalence classes
of objects in C to equivalence classes of objects in D is surjective (and hence a
bijection). There is an alternative definition using 2-natural transformations of
2-functors, which we will not explain.
A.3. Fibre products in 2-categories. We define fibre products in 2-categories,
as in Behrend et al. [2, Def. B.13].
Definition A.3. Let C be a strict 2-category and g : X → Z, h : Y → Z be 1-
morphisms in C. A fibre product X×Z Y in C consists of an objectW , 1-morphisms
πX : W → X and πY : W → Y and a 2-isomorphism η : g ◦ πX ⇒ h ◦ πY in C with
the following universal property: suppose π′X : W
′ → X and π′Y : W
′ → Y are 1-
morphisms and η′ : g◦π′X ⇒ h◦π
′
Y is a 2-isomorphism in C. Then there should exist
a 1-morphism b : W ′ →W and 2-isomorphisms ζX : πX ◦ b⇒ π′X , ζY : πY ◦ b⇒ π
′
Y
such that the following diagram of 2-isomorphisms commutes:
g ◦ πX ◦ b
η∗idb
+3
idg∗ζX

h ◦ πY ◦ b
idh∗ζY 
g ◦ π′X
η′
+3 h ◦ π′Y .
(A.11)
KURANISHI SPACES AS A 2-CATEGORY 43
Furthermore, if b˜, ζ˜X , ζ˜Y are alternative choices of b, ζX , ζY then there should exist
a unique 2-isomorphism θ : b˜⇒ b with
ζ˜X = ζX ⊙ (idπX ∗ θ) and ζ˜Y = ζY ⊙ (idπY ∗ θ).
If a fibre product X ×Z Y in C exists then it is unique up to canonical equivalence.
That is, ifW,W ′ are two choices forX×ZY then there is an equivalence b : W →W ′
in C, which is canonical up to 2-isomorphism.
If instead C is a weak 2-category, we must replace (A.11) by
(g ◦ πX) ◦ b
αg,piX,b

η∗idb
+3 (h ◦ πY ) ◦ b αh,piY ,b
+3 h ◦ (πY ◦ b)
idh∗ζY

g ◦ (πX ◦ b)
idg∗ζX +3 g ◦ π′X
η′
+3 h ◦ π′Y .
Orbifolds, and stacks in algebraic geometry, form 2-categories, and Definition
A.3 is the right way to define fibre products of orbifolds or stacks.
A.4. Sheaves and stacks on topological spaces. The next definition of sheaves
on a topological space, as in Hartshorne [20, §II.1], will not actually be used in this
paper, but we include it as motivation for the following definition of stacks on a
topological space.
Definition A.4. Let X be a topological space. A presheaf of sets E on X consists
of the data of a set E(S) for every open set S ⊆ X , and a map ρST : E(S)→ E(T )
called the restriction map for every inclusion T ⊆ S ⊆ X of open sets, satisfying
the conditions that
(i) ρSS = idE(S) : E(S)→ E(S) for all open S ⊆ X ; and
(ii) ρSU = ρTU ◦ ρST : E(S)→ E(U) for all open U ⊆ T ⊆ S ⊆ X .
A presheaf of sets E on X is called a sheaf if it also satisfies
(iii) If S ⊆ X is open, {Ti : i ∈ I} is an open cover of S, and s, t ∈ E(S) have
ρSTi(s) = ρSTi(t) in E(Ti) for all i ∈ I, then s = t in E(S); and
(iv) If S ⊆ X is open, {Ti : i ∈ I} is an open cover of S, and we are given
elements si ∈ E(Ti) for all i ∈ I such that ρTi(Ti∩Tj)(si) = ρTj(Ti∩Tj)(sj) in
E(Ti ∩ Tj) for all i, j ∈ I, then there exists s ∈ E(S) with ρSTi(s) = si for
all i ∈ I. This s is unique by (iii).
Suppose E ,F are presheaves or sheaves of sets on X . A morphism φ : E → F
consists of a map φ(S) : E(S)→ F(S) for all open S ⊆ X , such that the following
diagram commutes for all open T ⊆ S ⊆ X
E(S)
φ(S)
//
ρST

F(S)
ρ′ST 
E(T )
φ(T )
// F(T ),
where ρST is the restriction map for E , and ρ′ST the restriction map for F .
Sheaves are basic objects in algebraic geometry. Informally, something forms a
sheaf if it can be defined locally and glued. For example, if X,Y are manifolds then
smooth maps f : X → Y form a sheaf on X , because an arbitrary map f : X → Y is
smooth if and only if it is a smooth on an open neighbourhood of each point in X .
One uses the sheaf property of smooth maps all the time in differential geometry
without noticing.
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Finally we define stacks on topological spaces. Stacks are the 2-category ver-
sion of sheaves, roughly, they are sheaves of groupoids rather than sheaves of sets.
Informally, something forms a stack if it can be defined locally and glued up to
2-isomorphisms. For example, if X,Y are orbifolds then smooth maps f : X → Y
(i.e. 1-morphisms of orbifolds) and their 2-morphisms form a stack on X , but in
general they do not form a sheaf on X .
Definition A.5. LetX be a topological space. A prestack (or prestack in groupoids,
or 2-presheaf ) E on X , consists of the data of a groupoid E(S) for every open
set S ⊆ X , and a functor ρST : E(S) → E(T ) called the restriction map for ev-
ery inclusion T ⊆ S ⊆ X of open sets, and a natural isomorphism of functors
ηSTU : ρTU ◦ ρST ⇒ ρSU for all inclusions U ⊆ T ⊆ S ⊆ X of open sets, satisfying
the conditions that:
(i) ρSS = idE(S) : E(S)→ E(S) for all open S ⊆ X , and ηSST = ηSTT = idρST
for all open T ⊆ S ⊆ X ; and
(ii) ηSUV ⊙ (idρUV ∗ ηSTU ) = ηSTV ⊙ (ηTUV ∗ idρST ) : ρUV ◦ ρTU ◦ ρST =⇒ ρSV
for all open V ⊆ U ⊆ T ⊆ S ⊆ X .
A prestack E on X is called a stack (or stack in groupoids, or 2-sheaf ) on X if
whenever S ⊆ X is open and {Ti : i ∈ I} is an open cover of S, then:
(iii) If α, β : A→ B are morphisms in E(S) and ρSTi(α) = ρSTi(β) : ρSTi(A)→
ρSTi(B) in E(Ti) for all i ∈ I, then α = β.
(iv) If A,B are objects of E(S) and αi : ρSTi(A) → ρSTi(B) are morphisms in
E(Ti) for all i ∈ I with
ηSTi(Ti∩Tj)(B) ◦ ρTi(Ti∩Tj)(αi) ◦ ηSTi(Ti∩Tj)(A)
−1
= ηSTj(Ti∩Tj)(B) ◦ ρTj(Ti∩Tj)(αj) ◦ ηSTj(Ti∩Tj)(A)
−1
in E(Ti∩Tj) for all i, j ∈ I, then there exists α : A→ B in E(S) (necessarily
unique by (iii)) with ρSTi(α) = αi for all i ∈ I.
(v) If Ai ∈ E(Ti) for i ∈ I and αij : ρTi(Ti∩Tj)(Ai) → ρTj(Ti∩Tj)(Aj) are mor-
phisms in E(Ti ∩ Tj) for all i, j ∈ I satisfying
ηTk(Tj∩Tk)(Ti∩Tj∩Tk)(Ak) ◦ ρ(Tj∩Tk)(Ti∩Tj∩Tk)(αjk) ◦ ηTj(Tj∩Tk)(Ti∩Tj∩Tk)(Aj)
−1
◦ ηTj(Ti∩Tj)(Ti∩Tj∩Tk)(Aj) ◦ ρ(Ti∩Tj)(Ti∩Tj∩Tk)(αij) ◦ ηTi(Ti∩Tj)(Ti∩Tj∩Tk)(Ai)
−1
= ηTk(Ti∩Tk)(Ti∩Tj∩Tk)(Ak) ◦ ρ(Ti∩Tk)(Ti∩Tj∩Tk)(αik) ◦ ηTi(Ti∩Tk)(Ti∩Tj∩Tk)(Ai)
−1
for all i, j, k ∈ I, then there exist an object A in E(S) and morphisms
βi : Ai → ρSTi(A) for i ∈ I such that for all i, j ∈ I we have
ηSTi(Ti∩Tj)(A) ◦ ρTi(Ti∩Tj)(βi) = ηSTj(Ti∩Tj)(A) ◦ ρTj(Ti∩Tj)(βj) ◦ αij .
If A˜, β˜i are alternative choices then (iii),(iv) imply there is a unique
isomorphism γ : A→ A˜ in E(S) with ρSTi(γ) = β˜i ◦ β
−1
i for all i ∈ I.
In the examples of stacks on topological spaces that will be important to us, we
will have ρTU ◦ ρST = ρSU and ηSTU = idρSU for all open U ⊆ T ⊆ S ⊆ X . So (ii)
is automatic, and all the η···(· · · ) terms in (iv),(v) can be omitted.
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